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Preface

Semigroup theory is a relatively young but essential branch of algebra,

with applications across various mathematical fields. As a distinct area

of study, it evolved over the past sixty years, focusing on the structural

properties and behavior of semigroups. Among these, transformation

semigroups provide compelling examples due to their natural occur-

rence in mathematics, where transformations of sets are ubiquitous. The

associativity of composition in these transformations ensures that any

set of transformations, closed under this operation, forms a semigroup.

Three classical series of finite transformation semigroups stand out:

the full transformation semigroup Tn, the symmetric inverse semigroup

ISn, and the partial transformation semigroup PT n. These semigroups

serve as foundational examples and have been extensively studied due

to their universality and structural properties. In recent years, particular

attention has been given to semigroups of order-preserving transforma-

tions, including the semigroup On,p, which plays a significant role in

this dissertation. The semigroup On,p consists of all order-preserving

ix
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transformations on a finite chain with only one fixed point. This semi-

group exhibits fascinating structural and algebraic properties, making it

an ideal object of study. The focus of this dissertation is to explore the

structural properties, ranks, and presentations of On,p, contributing to

the broader understanding of transformation semigroups.

This work is organized into four chapters, each addressing different

aspects of On,p and its related concepts.

The first chapter lays the foundation by introducing the basic con-

cepts and results related to transformation semigroups. We discuss the

full transformation semigroup Tn and the partial transformation semi-

group PT n, providing a comprehensive overview of their definitions,

structures, and properties. In addition, we also briefly discuss congru-

ences, ideals, and Green’s Relations.

In Chapter 2, we focus on the semigroup of order-preserving transfor-

mations On,p, nilpotent semigroups, and relationship between the two.

We explore its structural properties. This chapter also delves into the

combinatorial aspects of On,p, particularly how its elements can be ex-

pressed and manipulated. The theoretical results are supported by theo-

rems that illustrate the unique characteristics of On,p within the broader

context of transformation semigroups.

Chapter 3 is dedicated to the rank of the semigroup On,p, with par-

ticular focus on the case when p > 1, which represents the minimum

number of elements required to generate the semigroup. We investigate

the rank of On,p in various contexts, developing a series of results that

characterize the generating sets and their relationship to the semigroup’s

rank.

Chapter 4 deals with the presentation of the semigroup On,1, providing

a concise way to describe the semigroup in terms of generators and
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relations. We systematically identify the generating sets for On,1 and

explore the defining relations among them. The presentation developed

here offers a unified framework for understanding the structure of On,1.

Central University Of Kashmir
October, 2024

Bilal Ahmad Kalas
1919CUKmr42
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CHAPTER 1

Finite Transformation Semigroups

Introduction

This chapter introduces the study of finite transformation semigroups,

focusing on transformations and partial transformations of finite sets. A

transformation is defined as a function from a finite set to itself, while a

partial transformation maps a subset of the set to set itself. Both types

of transformations form semigroups under function composition, a key

operation in this context.

Additionally, we discuss identity and zero elements, which play cru-

cial roles in understanding the structure of transformation semigroups.

The chapter further explores binary relations, equivalence relations, and

congruences, which help classify and analyze transformations within a

semigroup. These concepts, building upon foundational work presented

in [8] and [11], lay the groundwork for the deeper exploration of finite

semigroups in the subsequent chapters.
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1.1. BASIC DEFINITIONS 2

1.1

Basic Definitions

The principal objects of interest in this work are finite sets and trans-

formations of finite sets. Let M be a finite set, say M = {m1,m2, . . . ,mn},

where n is a non-negative integer. The Transformation of M is an array

of the following form:

α =

 m1 m2 . . . mn

k1 k2 . . . kn

 , (1.1)

where all ki ∈M. If x∈ M, say x=mi, the element ki will be called the value

of the transformation α at the element x and will be denoted by xα. The

fact that α is a transformation of M is usually written as α : M −→ M.

As the nature of elements of M is not important for us, instead of M we

shall usually consider the set N = Xn = Nn = {1, 2, . . . ,n}.

Definition 1.1.1. Let A = {l1, l2, . . . , lk} be a subset of M. Then, the

transformation α : A −→ M is called as the Partial Transformation of M.

Note that A can be empty. Again, the element α can be written in the

following tabular form:

α =

 l1 l2 . . . lk
l1α l2α . . . lkα

 . (1.2)

Abusing notation, we may also write α : M −→ M for a partial

transformation, having in mind that such α is only defined on some

elements from M. Note that the order of elements in the first row of

arrays (1.1) and (1.2) is not important.

With each (partial) transformation α as above we associate the follow-

ing standard notions:

Ranks and Presentations for Finite Transformation semigroups



3 CHAPTER 1. FINITE TRANSFORMATION SEMIGROUPS

• The domain of α: dom(α) = A.

• The codomain of α: dom(α) = M \ A.

• The image of α: im(α) = {xα : x ∈ A}.

• The kernel of α: ker(α) = {(x, y) : xα = yα for all x, y ∈M}.

The word range, which is also frequently used in the literature, is a

synonym of the word image.

Definition 1.1.2. If dom(α) = M, the transformation α is called f ull or

total.

The set of all total transformations of M is denoted by T (M), and the

set of all partial transformations of M is denoted by PT (M). Obviously,

T (M) ⊂ PT (M). To simplify our notation we set Tn = T (N) and

PTn = PT (N).

Sometimes it is convenient to use a slightly modified version of (1.2)

for some α ∈ PTn. In the case of PT n it is natural to form the first

row of the array for α by simply listing all the elements from N in their

natural order. Then, to define α completely, one needs a special symbol

to indicate that some element x belongs to dom(α). We shall use the

symbol ∅. In other words, xα = ∅ means that x ∈ dom(α). Thus the

element α can be written in the following form:

α =

 1 2 . . . n
k1 k2 . . . kn

 . (1.3)

where ki = iα if i ∈ dom(α) and ki = ∅ if i ∈ dom(α).

Ranks and Presentations for Finite Transformation semigroups



1.1. BASIC DEFINITIONS 4

Example 1.1.3. Here is the list of all partial transformation on X2:1 2

1 1

 , 1 2

1 2

 , 1 2

2 1

 , 1 2

2 2

 ,1 2

∅ ∅

 , 1 2

1 ∅

 , 1 2

2 ∅

 , 1 2

∅ 1

 , 1 2

∅ 2

 .
The first row of this list consists of total transformations and hence

lists all elements in T2.

Proposition 1.1.4. The set Tn contains nn elements and the set PT n contains
(n + 1)n elements.

Proof. If α is any transformation on the set N, then α can be uniquely

defined by the array (1.3), where each ki ∈ N ∪ {∅}.

Now, if α ∈ Tn then ki = iα ∈ N ∀ i ∈ N. Since the choices of ki’s are in-

dependent and, hence, each ki has n-independent choices. Consequently,

by product rule,

|Tn| = nn.

Again, if α ∈ PT n, then each ki can be independently chosen from the

set N ∪ {∅} of (n + 1) elements. Similarly, by product rule,

|PT n| = (n + 1)n.

□

Definition 1.1.5. The cardinality |im(α)| of the image of a partial transfor-

mation α ∈ PT n is called the rank of this partial transformation and is

denoted by rank(α). Thus rank(α) equals the number of different elements

in the second row of array (1.3).

Ranks and Presentations for Finite Transformation semigroups



5 CHAPTER 1. FINITE TRANSFORMATION SEMIGROUPS

The number de f (α) = n − rank(α) is called the defect of the partial

transformation α.

Definition 1.1.6. A partial transformation α ∈ PT n is called

• Surjective if im(α) = N,

• Injective if x , y implies xα , yα ∀ x, y ∈ dom(α),

• Bijective if α is both surjective and injective.

If α is given by (1.2), then surjectivity means that the second row

of array (1.2) contains all elements of N; and injectivity means that all

elements in the second row of array (1.2) are different. Bijective transfor-

mations on N are also called permutations of N.

Proposition 1.1.7. Let α ∈ Tn. Then the following conditions are equivalent:

a) α is surjective

b) α is injective

c) α is bijective

Proof. By the definition of a bijective transformation, it is enough to show

that the conditions (a) and (b) are equivalent.

Let α be given by (1.3). Suppose α is injective, then by definition of

injectivity, second row of (1.3) gives n different elements of N namely

1α, 2α, . . . , nα. But N contains exactly n elements.

Hence, N = {1α, 2α, . . . , nα}. That is, every x ∈ N has a pre-image in N

and thus α is surjective.

Conversely, let α be surjective (i.e., im(α) = N). Then, the second row

of (1.3) contains all the n-elements of N. But since second row of (1.3)

contains exactly n-elements, they all must be different. This implies that

α injective. □

Ranks and Presentations for Finite Transformation semigroups



1.2. COMPOSITION OF TRANSFORMATIONS 6

1.2

Composition of Transformations

Let X and Y be two sets. A mapping from X to Y is an array of the form:

f =

 x
x f


x∈X

,

where all x f ∈ Y. This is usually denoted by f : X −→ Y. The element

x f is called the value of the mapping f at the element x. A transformation,

as defined in Section 1.1, is just a mapping from a set to itself (generally

called as self-mapping). Let now X, Y, Y′

, Z be sets such that Y ⊂ Y′

and

let f : X −→ Y and g : Y′

−→ Z be two mappings. In this situation,

we can define the product or the composition f g (also denoted as f ◦ g) of

f and g by the following rule: The composition f g is the mapping from

X to Z such that for all x ∈ X we have x( f g) = x f (g). In particular, we

can always compose two total transformations of the same set and the

result will be a total transformation of this set.

The above definition admits a straightforward generalization to par-

tial mappings. A partial mapping from X to Y is a mappingα : X′

−→ Y,

where X′

⊂ X. In this case, we say that the partial mapping α is de-

fined on elements from X′

. Again, a partial transformation, as defined in

Section 1.1, is a partial mapping from a set to itself. One usually abuses

notation and writes α : X −→ Y just emphasizing that α is a partial map-

ping. Let α : X −→ Y and β : Y −→ Z be two partial mappings. We

define their product or composition αβ as the partial mapping, defined

on all those x ∈ X for whichα and β are defined on the elements x and xα,

respectively; on such x the value of αβ is given by x(αβ) = xα(β). In par-

ticular, we can always compose two partial transformations of the same

Ranks and Presentations for Finite Transformation semigroups



7 CHAPTER 1. FINITE TRANSFORMATION SEMIGROUPS

set and the result will be another partial transformation of this set. We

also note that the definition of the composition of total transformations

is just a special case of that of partial transformations.

Proposition 1.2.1. The composition of (partial) mappings is associative, that
is, if α, β, and γ are partial mappings, then the composition (αβ)γ is defined if
and only if the composition α(βγ) is defined, and if they both are defined, we
have (αβ)γ = α(βγ).

Proof. Follows immediately from the following picture:

X

x

Y

y

Z

z

V

vα

β γ

αβ

(αβ)γ = α(βγ)

βγ

That is,

(αβ)γ = α(βγ) ∀ α, β, γ ∈ PT n

□

Associativity of the composition of partial transformations naturally

leads to the notion of a semigroup.

Definition 1.2.2. Let S be a nonempty set, and let · : S × S −→ S be a

binary operation on S. Then (S, ·) is called a semigroup provided that · is

associative, that is, a · (b · c) = (a · b) · c for all a, b, c, ∈ S. To simplify the

notation, in the case when the operation · is clear from the context one

Ranks and Presentations for Finite Transformation semigroups



1.2. COMPOSITION OF TRANSFORMATIONS 8

usually writes S for (S, ·). Furthermore, one usually writes ab instead of

a · b.

Lemma 1.2.3. Let (S, ·) be a semigroup. Then, the value of the product
a1a2 . . . an, where all ai ∈ S, does not depend on the way of computing it
(i.e., of putting brackets into this product).

Proof. We use induction on n. For n = 2, the rusult is trivially true. Also,

for n = 3 the result follows by associativity.

Assume that the result is true upto n−1. Then the value of the product

a1a2 . . . an−1 is independent of arrangement of brackets in it.

Consider the product a1a2 · · · an. We can group it as (a1a2 . . . an−1)an or

a1(a2 . . . an). By the inductive hypothesis, both groupings yield the same

value.

Consequently, by principle of mathematical induction, the desired con-

clusion follows. □

Let (S, ·) be a semigroup. From Lemma 1.2.3, it follows that for every

a ∈ S we have a well-defined element ak = a · a · · · a︸   ︷︷   ︸
k−times

.

The number of elements in S is called the cardinality of S and is denoted

by |S|.
By Proposition 1.2.1, in both Tn and PT n the composition of (partial)

transformations is an associative operation. Hence we have the following

Proposition:

Proposition 1.2.4. Both Tn and PT n are semigroups with respect to the com-
position of (partial) transformations. ■

Definition 1.2.5. The semigroup Tn is called the full transformation semi-
group on the set N or the symmetric semigroup of all transformations of N.

Ranks and Presentations for Finite Transformation semigroups



9 CHAPTER 1. FINITE TRANSFORMATION SEMIGROUPS

The semigroup PT n is called the semigroup of all partial transformations
on N.

Definition 1.2.6. A non-empty subset T of a semigroup (S, ·) is called

a subsemigroup of S provided that T is closed with respect to · (that is,

a · b ∈ T as soon as a, b ∈ T). Obviously, in this case, T itself is a

semigroup with respect to the restriction of the operation · to T. The fact

that T is a subsemigroup of S is usually denoted by T < S.

Lemma 1.2.7. Show that for arbitrary α, β ∈ PT n,

(a) dom(αβ) ⊂ dom(α).

(b) im(αβ) ⊂ im(β).

(c) rank(αβ) ≤ min(rank(α), rank(β)).

Proof. Let’s consider an arbitrary element x ∈ dom(αβ). This means that

αβ is defined at x. By the definition of composition of partial transfor-

mations, this implies that α is defined at x. Since α is defined at x, we

have x ∈ dom(α). Hence, dom(αβ) ⊂ dom(α). Which proves (a).

Now if y ∈ im(αβ), then there exists z ∈ N such that zαβ = y.

or kβ = y where k = zα

=⇒ y ∈ im(β)

=⇒ im(αβ) ⊂ im(β).

Which proves (b). Also, above gives,

rank(αβ) ≤ rank(β).

Finally, since αβ can only be defined on those elements of dom(α) that

are mapped by α into dom(β). Thus, |im(αβ)| is limited by both |im(α)|

Ranks and Presentations for Finite Transformation semigroups



1.3. IDENTITY ELEMENT 10

(since we are first applying α) and |im(β)| (as β is applied afterwards).

Consequently,

rank(αβ) ≤ rank(α).

And, therefore,

rank(αβ) ≤ min{rank(α), rank(β)}, as required.

□
1.3

Identity Element

An element e of a semigroup S is called a left or a right identity provided

that ea = a, or ae = a, respectively, for all a ∈ S. An element x, which

is a left and a right identity at the same time, is called a two-sided identity
or simply an identity.

If S contains some left identity el and some right identity er we have

el = el · er = er and hence these two elements coincide. Hence in this

case S contains a unique identity element, which is, moreover, a two-

sided identity. However, a semigroup may contain many different left

identities or many different right identities. It is possible for a semi-

group to contain neither left nor right identities. An example of such a

semigroup is the semigroup (N, +). Another example is the semigroup

({2, 3, 4, ...}, ·) with respect to the ordinary multiplication.

Definition 1.3.1. A semigroup which contains a two-sided identity ele-

ment is called a monoid.

Example 1.3.2. Let S be a nonempty set. For a, b ∈ S, define a · b = b.

Then, each element in (S, ·) is a left identity. Similarly, if we define

a ∗ b = a for all a, b ∈ S, then each element in (S, ∗) is a right identity.

Ranks and Presentations for Finite Transformation semigroups



11 CHAPTER 1. FINITE TRANSFORMATION SEMIGROUPS

Proposition 1.3.3. Each semigroup can be extended to a monoid by adding at
most one element.

Proof. Let (S, ·) be a semigroup. If S contains an identity, we have nothing

to prove. If S does not contain any identity element, consider the set

S1 = S∪{1}, where 1 < S. Define the binary operation ∗ on S1 as follows:

For a, b ∈ S1 set

a ∗ b =


a · b, a, b ∈ S;

a, b = 1;

b, a = 1.

A direct calculation shows that ∗ is associative, hence S1 is a semigroup.

Furthermore, from the definition of · we have that 1 is the identity

element in S1. Moreover, the restriction of the operation ∗ to S coincides

with the original operation · . Hence S is a subsemigroup of S1. □

Denote by εn : N −→ N the identity transformation

εn =

 1 2 . . . n
1 2 . . . n

 .
If n is clear from the context we shall sometimes write ε instead of εn.

Proposition 1.3.4. The transformation εn is the (two-sided) identity element
in both T and PT n. In particular, both Tn and PT n are monoids.

Proof. Let α be any (partial) transformation given by

α =

 1 2 . . . n
1α 2α . . . nα

 .
Then, clearly αεn = α = εnα. Consequently , the result follows. □
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Definition 1.3.5. Let S be a monoid with the identity element 1. An

element a ∈ S is called invertible or a unit provided that there exists

b ∈ S such that ab = ba = 1.

Remark 1.3.6. If a ∈ S be such that there exists b ∈ S with ab = 1 = ba
then such a b is unique. To see this, let b′ be such that ab′ = 1 = b′a.

Then, we have

b = b · 1 = b(ab′) = (ba)b′ = 1 · b′ = b′.

□

The element b is called the inverse of a and is denoted by a−1. Note

that if b is the inverse of a, then a is the inverse of b. In other words,

(a−1)−1 = a. The set of all invertible elements of the monoid S is denoted

by S∗. Note that 1 ∈ S∗ since 1 · 1 = 1. In particular, S∗ is not empty.

The above terminology and notation deserve some explanation. Usu-

ally the operation in an abstract semigroup is thought of as a multipli-

cation. Since the element 1 is the identity element in such multiplicative

semigroups asN, Z, R, C, it is natural to denote the identity element of

an abstract semigroup by the same symbol 1. This also justifies the no-

tions “unit” and “inverse.” However, there are many semigroups where

the operation is not the multiplication, for example the semigroup (Z, +).

The identity element in this semigroup is the number 0 and not the num-

ber 1. And the inverse of the number n ∈ Z is the number −n and not

the number n−1 (note that the latter one is not always defined, and when

it is defined, it is not an integer in general).

Definition 1.3.7. A monoid in which each element has an inverse is called

a group.
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Proposition 1.3.8. Let S be a monoid with the identity element 1. Then S∗ is a
group.

Proof. Obviously, if a ∈ S∗, then a−1
∈ S∗ as well. If a, b ∈ S∗, then we

have

ab · b−1a−1 = a · bb−1
· a−1 = a · 1 · a−1 = aa−1 = 1.

Analogously one shows that b−1a−1
· ab = 1 and hence b−1a−1 = (ab)−1.

In particular, ab ∈ S∗. Thus S∗ is a submonoid of S and each element of

S∗ has an inverse in S∗. The claim follows. □

Proposition 1.3.9. Let α ∈ Tn or α ∈ PT n. Then α is invertible if and only if
α is a permutation on N.

Proof. Assume that α is invertible and β is a (partial) transformation such

thatαβ = βα = ε. Note that dom(ε) = N. Hence Lemma 1.2.7 (a) implies

dom(α) = N. Further, if x, y ∈ N are such that x , y, then xε , yε. If

xα = yα, we would get xε = xαβ = yαβ = yε, a contradiction. This

means that xα , yα. Hence α is everywhere defined and injective and

thus is a permutation by Proposition 1.1.7.

Conversely, if

α =

 1 2 . . . n
i1 i2 . . . in

 .
is a permutation, the element

α =

 i1 i2 . . . in
1 2 . . . n

 .
is a permutation as well and a direct computation shows that αβ = βα =

ε, that is, α is invertible. □
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Remark 1.3.10. The group T ∗n = PT
∗

n of all permutations on N is called the
symmetric group on N and is denoted by Sn.

1.4

Zero Element

An element 0 of a semigroup S is called a left or a right zero provided that

0a = 0, or a0 = 0, respectively, for all a ∈ S. An element 0 which at the

same time is a left and a right zero, is called a two − sided zero or simply

a zero.

Remark 1.4.1. If S contains some left zero 0l and some right zero 0r, we

have 0l = 0l · 0r = 0r and hence these two elements coincide. Hence

in this case S contains a unique zero element, which is, moreover, a two-

sided zero.

Proposition 1.4.2. Each semigroup can be extended to a semigroup with zero
by adding at most one element.

Proof. Let (S, ·) be a semigroup. If S contains a zero, we have nothing to

prove. Otherwise, consider the set S0 = S ∪ {0}, where 0 < S. Define

the binary operation ∗ on S0 as follows: For a, b ∈ S0 set

a ∗ b =


a · b, a, b ∈ S;

0, b = 0;

0, a = 0.

A direct calculation shows that ∗ is associative, hence S0 is a semigroup.

Furthermore, from the definition of ∗ we have that 0 is the zero element

in S0 and that the restriction of ∗ to S coincides with · . Hence S is a

subsemigroup of S0. □
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Notation 1.4.3. Denote by 0n the partial transformation 0n : ∅ −→ N on

N. We have dom(0n) = ∅. If n is clear from the context, we shall usually

write simply 0 instead of 0n.

Proposition 1.4.4. 0n is the zero element of the semigroup PT n.

Proof. The equalities α0n = 0nα = 0n; α ∈ PT n, are obvious. □

Definition 1.4.5. For a ∈ N define the total transformation 0a : N −→ N

via x 7→ a for all x ∈ N. The transformation 0a is called the constant
transformation.

Proposition 1.4.6. For n > 1 the semigroup Tn does not contain any left
zeros. α ∈ Tn is a right zero if and only if α = 0a for some a ∈ N. In
particular, the semigroup Tn contains exactly n right zeros.

Proof. From the obvious equality β0a = 0a for any β ∈ Tn we obtain that

each constant transformation on Tn is a right zero. Hence Tn contains at

least n different right zeros. In particular, for n > 1 the semigroup Tn

cannot contain any left zero.

Note that constant transformations are the only transformations of

rank 1. Let α ∈ Tn be a transformation of rank at least 2. Then for any 0a

the rank of 0aα is 1 by Lemma 1.2.7 (c) and hence the equality 0aα = α

is not possible. This implies that α is not a right zero of Tn.

□

1.5

Isomorphism of Semigroups

Let (S, ·) and (T, ∗) be two semigroups. The semigroups S and T are said

to be isomorphic, denoted by S � T, provided that there exists a bijection
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ϕ : S −→ T such that

aϕ ∗ bϕ = (a · b)ϕ f or all a, b ∈ S (1.4)

The bijection ϕ is called an isomorphism from S to T. Note that if

ϕ : S −→ T is an isomorphism, then ϕ−1 : T −→ S is an isomorphism

as well.

Example 1.5.1. It is handy to present small semigroups using their multi-

plication tables, which is also called Cayley tables. Such table is a square

matrix with |S| rows and |S| columns, which are indexed by the elements

of S. At the intersection of the ath row and the bth column, a, b ∈ S, one

writes the product ab. For example, the semigroup T2 = {ε, (12), 01, 02}

has the following Cayley table:

· ε (12) 01 02

ε ε (12) 01 02

(12) (12) ε 02 01

01 01 01 01 01

02 02 02 02 02

(1.5)

The following set of 2× 2 matrices is also a semigroup with respect to

the usual matrix multiplication

S =


1 0

0 1

 , 0 1

1 0

 , 1 1

0 0

 , 0 0

1 1


 .

To simplify the notation we denote

E =

 1 0

0 1

 , A =

 0 1

1 0

 ,B =  1 1

0 0

 , C =

 0 0

1 1

 .
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The Cayley table for S has the following form

· E A B C

E E A B C

A A E C B

B B B B B

C C C C C

(1.6)

It is easy to check that the bijection

ϕ =

 ε (12) 01 02

E A B C


transforms the Cayley table (1.5) to the Cayley table (1.6) and hence is an

isomorphism from T2 to S.

The primary importance of the semigroup Tn is revealed by the fol-

lowing statement.

Theorem 1.5.2. (Cayley’s Theorem) Each finite semigroup S of cardinality n is
isomorphic to a subsemigroup of either Tn or Tn+1.

Proof. First we assume that S contains the identity element 1. Let S =
{a1 = 1, a2, · · · , an} and define the mapping ϕ : S −→ Tn as follows

aϕ =

 1 2 . . . n
i1 i2 . . . in

 ,
where for k = 1, . . . , n, the number ik is uniquely determined by the

equality aak = aik.

Since ak · 1 = ak, we have 1(aiϕ) = i for all i = 1, . . . , n. In particular,
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aiϕ , a jϕ if i , j and hence the mapping ϕ is injective. The mapping

ϕ : S −→ Sϕ is therefore bijective.

Further, the equality (ab)ak = a(bak) implies the equality (k)(ab)ϕ =

((k)(b)ϕ)aϕ for all k = 1, . . . , n and a, b ∈ S. This means that (ab)ϕ =

aϕ · bϕ for all a, b ∈ S and thus ϕ is an isomorphism from S to the sub-

semigroup Sϕ of Tn.

If S does not contain any identity element, we can consider S as a sub-

semigroup of the semigroup S1 and |S1
| = n + 1. By the above, S1 is

isomorphic to a subsemigroup of Tn+1, and the claim follows. □

1.6

Regular and Inverse Elements

An element a of a semigroup S is called regular provided that there exists

b ∈ S such that aba = a. Elements a, b ∈ S form a pair of inverse

elements provided that aba = a and bab = b. Set

VS(a) = {b ∈ S : a and b is a pair of inverse elements}.

If a and b is a pair of inverse elements, then one says that a is an

inverse of b and b is an inverse of a. This might be slightly confusing,

since in such generality the inverse element of a given element is not

uniquely defined. Note that this notion extends the notion of an inverse

element for invertible elements: if a ∈ S is invertible, then aa−1a = a and

a−1aa−1 = a−1. Hence a and a−1 is a pair of inverse elements.

Lemma 1.6.1. Let a ∈ S be invertible. Show that VS(a) = {a−1
}.

Proof. If possible, assume b ∈ VS(a) then

aba = a
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or aba · a−1 = a · a−1

=⇒ ab = 1, the identity element of S.

Therefore, by Remark 1.3.6, b = a−1 as required. □

Remark 1.6.2. If a has at least one inverse (i.e., VS(a) , ∅), then the

element a is obviously regular. The converse is also true.

Proposition 1.6.3. Let a ∈ S be regular and b ∈ S be such that aba = a.
Then a and c = bab is a pair of inverse elements.

Proof. Follows from the following computation

aca = a · bab · a = aba · ba = aba = a
cac = bab · a · bab = b · aba · bab = b · aba · b = bab = c.

□

Definition 1.6.4. The semigroup S is called regular provided that every

element of S is regular. Obviously, each group is a regular semigroup.

Theorem 1.6.5. The semigroups Tn and PT n are regular.

Proof. Let α ∈ PT n. Let us construct the element β ∈ Tn as follows:

For each x ∈ im(α) take some y ∈ N such that yα = x and set xβ = y.

For x < im(α) define xβ = 1. A direct calculation shows that αβα = α.

It follows that both Tn and PT n are regular semigroups. □

Theorem 1.6.6. Let α, β ∈ PT n. Then the element β is inverse to the element
α if and only if the following conditions are satisfied:

(a) dom(β) ⊃ im(α)

(b) aβ ∈ {x ∈ N : xα = a} for all a ∈ im(α).
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(c) im(β) = (im(α))β

Proof. Let im(α) = {a1, a2, . . . , ak}. For i = 1, . . . , k set Bi = {x ∈ N :

xα = ai}. Then the equality αβα = α is equivalent to the following

condition:

aiβ ∈ Bi f or all i = 1, 2, . . . , k. (1.7)

Assume now that the condition 1.7 is satisfied. Then for all i we have

aiβα = ai and ai(βαβ) = aiβ. Set B = {yβ : y ∈ im(α)}. From the

previous equality we have b(αβ) = b for all b ∈ B. As im(βαβ) ⊂ B,

the equality βαβ = β requires im(β) ⊂ B. However, the latter condition

is also sufficient. Indeed, as yβ ∈ B for any y ∈ dom(β), we have

y(βαβ) = yβ(αβ) = yβ and thus βαβ = β. This completes the proof. □

Theorem 1.6.6 is also true for the semigroup Tn, just in this case the

condition (a) is superfluous since it is automatically satisfied.

Corollary 1.6.7. Let α ∈ PT n, im(α) = {a1, a2, . . . , ak}, Bi = {x ∈ N :

xα = ai} and mi = |Bi|. Then

(i) |VPT n(α)| = m1m2 . . .mk · (k + 1)n−k;

(ii) if α is total, then |VTn(α)| = m1m2 . . .mk · kn−k.

Proof. For each ai ∈ im(α) we have to choose aiβ ∈ Bi. As for different

i these choices are independent, we have m1m2 . . .mk different ways to

define β on im(α).

After this we have to define β on the set N \ im(α). From Theorem 1.6.6

it follows that the restriction of β to N \ im(α) is an arbitrary (partial in

the case of PT n) mapping from N \ im(α) to the set {yβ : y ∈ im(α)}.

The latter set contains exactly k elements. Hence the restriction of β to

N \ im(α) can be chosen in kn−k different ways for Tn and in (k + 1)n−k

different ways for PT n. □

Ranks and Presentations for Finite Transformation semigroups



21 CHAPTER 1. FINITE TRANSFORMATION SEMIGROUPS

Definition 1.6.8. A regular semigroup S is called an inverse semigroup pro-

vided that each a ∈ S has a unique inverse element. This inverse element

is usually denoted by a−1 (this can now be justified by the requirement

that it is unique).

From Corollary 1.6.7 it follows that in the case of n > 1 the semigroups

Tn and PT n are not inverse semigroups.

Remark 1.6.9. Since the notion of an inverse element is a natural exten-

sion of the corresponding notion for invertible elements, inverse semi-

groups are very natural generalizations of groups. In some sense they

form the class of semigroups, which is “closest” to groups.

1.7

Relations and Equivalences

Definition 1.7.1 (Binary Relation). Let S be a non-empty set. Then any

subset ρ of S× S is said to be a relation over S. In other words, a relation

is a rule that is defined between two elements in S. Intuitively, if ρ is

a relation over S, then the statement aρb is either true or false for all

a, b ∈ S.

Example 1.7.2. Here are some examples on binary relations;

1. The empty relation ∅ ⊂ S × S.

2. The universal relation S × S.

3. The equality relation 1S = {(s, s) : s ∈ S}, also known as diagonal

relation in which two elements are related iff they are equal.

Notation 1.7.3. We shall denote the set of all binary relations on S by BS.
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Definition 1.7.4. Binary relation composition is defined onBS by the rule

that, for all ρ, σ ∈ BS,

ρ ◦ σ = {(x, y) ∈ S × S : ∃ z ∈ S such that (x, z) ∈ ρ & (z, y) ∈ σ} (1.8)

Proposition 1.7.5. (BS, ◦) is a semigroup.

Proof. We only need to show that ◦ is associative. To see this, let ρ, σ, τ ∈

BS, then

(x, y) ∈ (ρ ◦ σ) ◦ τ

⇐⇒ ∃ z ∈ S such that (x, z) ∈ ρ ◦ σ and (z, y) ∈ τ

⇐⇒ ∃ u ∈ S such that (x,u) ∈ ρ, (u, z) ∈ σ, and (z, y) ∈ τ

⇐⇒ (x,u) ∈ ρ and (u, y) ∈ σ ◦ τ

⇐⇒ (x, y) ∈ ρ ◦ (σ ◦ τ). □

Notation 1.7.6. If ρ ∈ BS, then we have following notations;

1. We shall write ρ2, ρ3, . . ., instead of ρ ◦ ρ, ρ ◦ ρ ◦ ρ, . . . .

2. Domain of ρ: domρ := {s ∈ S : ∃ t ∈ S with (s, t) ∈ ρ}.

3. Image of ρ: imρ := {t ∈ S : ∃ s ∈ S with (s, t) ∈ ρ}.

4. For each s ∈ S,

sρ := {t : (s, t) ∈ ρ}.

5. If A ⊂ S, then

Aρ := ∪{aρ : a ∈ A}.

6. ρ−1 := {(u, v) ∈ S × S : (v,u) ∈ ρ}.

Observation 1.7.7.

(i) If ρ ⊂ σ =⇒ ρ ◦ τ ⊂ σ ◦ τ and τ ◦ ρ ⊂ τ ◦ σ.
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(ii) If ρ ⊂ σ =⇒ domρ ⊂ domσ and imρ ⊂ imσ.

(iii) (ρ−1)−1 = ρ.

(iv) If ρ ⊂ σ then ρ−1
⊂ σ−1.

Definition 1.7.8. A relation ρ on a set S is

re f lexive if and only if 1S ⊂ ρ, (1.9)

anti − symmetric if and only if ρ ∩ ρ−1 = 1S, (1.10)

transitive if and only if ρ ◦ ρ ⊂ ρ, and (1.11)

symmetric if and only if (∀ s, t ∈ S); (s, t) ∈ ρ =⇒ (t, s) ∈ ρ. (1.12)

We define an equivalence ρ on a set S to be a relation that is reflexive,

transitive, and symmetric.

It is easy to see that (1.12) can be written compactly as ρ ⊂ ρ−1. Then,

by Observation 1.7.7 (iii) and Observation 1.7.7 (iv), it then follows that

ρ−1
⊂ ρ; thus the symmetry condition can be equally well expressed as

ρ−1 = ρ.

Again, if ρ is an equivalence, then by Observation 1.7.7 (i) we can deduce

that

ρ = 1S ◦ ρ ⊂ ρ ◦ ρ;

thus the transitivity condition can replaced by ρ ◦ ρ = ρ.

Notation 1.7.9. If ρ is an equivalence on S, we shall sometimes write sρ t
or x ≡ y(modρ) as alternatives to (s, t) ∈ ρ. If there is no confusion about

ρ then we shall simply write s ≡ t.

Remark 1.7.10. If ρ is an equivalence on S then, by Observation 1.7.7 (ii),

domρ ⊃ dom1S = S, imρ ⊃ im1S = S;
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hence domρ = imρ = S.

Proposition 1.7.11. If ϕ : X −→ Y is a map, then ϕ ◦ ϕ−1 is an equivalence.

Proof. The easiest way to see this is to note that

ϕ ◦ ϕ−1 = {(x, y) ∈ X × X : (∃ z ∈ Y) (x, z) ∈ ϕ, (y, z) ∈ ϕ−1
}

= {(x, y) ∈ X × X : xϕ = z and zϕ−1 = y}

= {(x, y) ∈ X × X : (xϕ)ϕ−1 = y}

= {(x, y) ∈ X × X : xϕ = yϕ}.

It is then clear that ϕ ◦ ϕ−1 is reflexive, symmetric, and transitive.

To see this,

(re f lexive) since xϕ = xϕ =⇒ (x, x) ∈ ϕ ◦ ϕ−1.

(symmetric) if, for x, y ∈ S, (x, y) ∈ ϕ ◦ ϕ−1 =⇒ xϕ = yϕ

=⇒ yϕ = xϕ =⇒ (y, x) ∈ ϕ ◦ ϕ−1

(transitive) if (x, y), (y, z) ∈ ϕ ◦ ϕ−1 =⇒ xϕ = yϕ and yϕ = zϕ

=⇒ xϕ = zϕ =⇒ (x, z) ∈ ϕ ◦ ϕ−1.

□

Remark 1.7.12. We call the equivalence ϕ ◦ϕ−1 the kernel of ϕ and write

ϕ ◦ ϕ−1 = kerϕ.
1.8

Congruences

Let S be a semigroup. A relation ρ on S is said to be

• left compatible if

(∀ s, t, a ∈ S), (s, t) ∈ ρ =⇒ (as, at) ∈ ρ
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• right compatible if

(∀ s, t, a ∈ S), (s, t) ∈ ρ =⇒ (sa, ta) ∈ ρ

• and compatible if

(∀ s, t, s
′

, t
′

∈ S), (s, t) & (s
′

, t
′

) ∈ ρ =⇒ (ss
′

, tt
′

) ∈ ρ

Definition 1.8.1. A left (right) compatible equivalence is called a left
(right) congruence. A compatible equivalence is called a congruence.

Proposition 1.8.2. An equivalence relation ρ on a semigroup S is a congruence
if and only if it is both left and right compatible.

Proof. Suppose first that ρ is a congruence. If (s, t) ∈ ρ and a ∈ S then

(a, a) ∈ ρ by reflexivity and so (as, at) ∈ ρ and (sa, ta) ∈ ρ. Thus ρ is both

left and right compatible.

Conversely, suppose that ρ is both a left and a right congruence,

and let (s, t), (s′, t′) ∈ ρ. Then (ss′, ts′) ∈ ρ by right compatibility and

(ts′, tt′) ∈ ρ by left compatibility. Hence (ss′, tt′) ∈ ρ by transitivity.

Thus ρ is a congruence. □

Lemma 1.8.3. Prove that the intersection of an arbitrary family of congruences
on S is a congruence on S.

Proof. Let Λ be the collection of all possible congruences on S.

If (s, t), (s′, t′) ∈ ∩ρ∈Λ ρ
=⇒ (s, t), (s′, t′) ∈ ρ ∀ ρ

=⇒ (ss′, tt′) ∈ ρ
=⇒ (ss′, tt′) ∈ ∩ρ∈Λ ρ
Hence, arbitrary intersection of congruences is again a congruence. □
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Notation 1.8.4. Let S be a semigroup and ρ is any relation on S. Since

arbitrary intersection of congruences is again a congruence, then we

denote the intersection of all the congruences on S containing ρ by ρ♯,

read as rho-sharp. Here, ρ♯ is said to be generated by ρ.

Note that ρ♯ is the smallest congruence on S containing ρ being the

intersection of all the congruences on S containing ρ.

1.9

Ideals

Notation 1.9.1. Let S be a semigroup. If A,B ⊂ S, we set

AB = {ab : a ∈ A, b ∈ B}.

Definition 1.9.2. A subset I ⊂ S is called a left ideal provided that for all

a ∈ S and b ∈ I we have ab ∈ I (in other words, SI ⊂ I). Analogously, I
is called a right ideal provided that IS ⊂ I. Left and right ideals are also

called one-sided ideals. A subset I ⊂ S is called a two-sided ideal or simply

an ideal provided that it is both a left and a right ideal.

Let I be a (one-sided) ideal of S. Then we have I · I ⊂ I by definition

and hence I is a subsemigroup of S. The converse is not true in the

general case. For example, the group Sn is a subsemigroup of each of

the semigroups PT n and Tn. However, for each (partial) transformation

α < Sn, both sets αSn and Snα do not have any common elements with

Sn.

It is easy to see that both the intersection and the union of an arbitrary

family of left (right, two-sided) ideals of S are in turn a left (resp. right,

two-sided) ideal of S.
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Notation 1.9.3. For each semigroup S, we denote the semigroup S by

S1 provided that S contains an identity element, and the semigroup

constructed in Proposition 1.3.3 provided that S does not contain any

identity element. Analogously, we define S0. We also note that for

k > 1, the notation Sk means something completely different, namely,

Sk = {a1a2 · · · ak : ai ∈ S, i = 1, . . . , k}.

Definition 1.9.4. A left (resp. right or two-sided) ideal I of S is called

principal provided that there exists a ∈ S such that I = S1a (resp. I = aS1,

I = S1aS1). The element a is called the generator of the ideal I. Note that

a ∈ S1a, a ∈ aS1, and a ∈ S1aS1 by definition.

Proposition 1.9.5. Each left (right or two-sided) ideal is a union of principal
left (resp. right or two-sided) ideals.

Proof. Since a ∈ S1a, if I ⊂ S is a left ideal, we have I =
⋃

a∈I S1a. For other

ideals, the argument is similar. □

1.10

Green’s Relations

In this section, we introduce several equivalence relations on semigroups,

which play a central role in the structure theory. Let S be a semigroup.

Elements a, b ∈ S are called L-equivalent provided that they generate the

same principal left ideal. In other words, aLb if and only if S1a = S1b.

Equivalence classes of the relation L are called L-classes. For a ∈ S,

the L-class containing a will be denoted by L(a). In other words, aLb
if and only if a ∈ L(b). The following easy but very useful fact follows

immediately from the definition.

Proposition 1.10.1. aLb if and only if there exist x, y ∈ S1 such that a = xb
and b = ya. □
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In the dual way, we define the relation R: Elements a, b ∈ S are called

R-equivalent provided that they generate the same principal right ideal.

In other words, aRb if and only if aS1 = bS1. Equivalence classes of the

relation R are called R-classes. For a ∈ S, the R-class containing a will be

denoted by R(a).

Proposition 1.10.2. aRb if and only if there exist x, y ∈ S1 such that a = bx
and b = ay. ■

Another immediate property of L and R is as follows:

Proposition 1.10.3. L is a right congruence and R is a left congruence. ■

Lemma 1.10.4. The relations L and R commute, that is, L ◦ R = R ◦ L.

Proof. Let (a, b) ∈ L ◦ R. Then there exists c ∈ S such that aLc and cRb.

By Propositions 1.10.1 and 1.10.2, there exist x, y ∈ S1 such that a = xc,

b = cy. Moreover, cRb implies xcRxb, and aLc implies ayLcy. But xc = a,

xb = xcy = ay, and cy = b. Hence aRxcy and xcyLb, which implies

(a, b) ∈ R ◦ L, and thus L ◦ R ⊂ R ◦ L.

Analogously one shows that R◦L ⊂ L◦R and henceL◦R = R◦L. □

Note that ifξ and η are two equivalences relations on X and ξ◦η = η◦ξ,

then ξ ◦ η is again an equivalence relation. Moreover, this product is the

minimum equivalence relation which contains both ξ and η.

The minimum equivalence relation on S which contains both R and

L is denoted by D and is called the D-relation. From Lemma 1.10.4 it

follows thatD = L◦R = R◦L. All other notions and notation forD are

similar to the ones used for L. In particular,D(a) denotes theD-class of

an element a.

The intersection of two equivalence relations is always an equiva-

lence relation. We define the H-relation as the intersection of R and L.

Ranks and Presentations for Finite Transformation semigroups



29 CHAPTER 1. FINITE TRANSFORMATION SEMIGROUPS

All other notions and notation forH are similar to the ones used for L.

In particular,H(a) denotes theH-class of an element a.

Finally, we will say that the elements a and b are J-equivalent pro-

vided that they generate the same principal two-sided ideal, that is,

S1aS1 = S1bS1. All other notions and notation for J are similar to the

ones used for L. In particular, J(a) denotes the J-class of an element a.

It is obvious that R ⊂ J and L ⊂ J . In particular, it follows that

D ⊂ J . Hence we have the following diagram depicting the introduced

relations on S:
L

R

H D J

The relations L, R, H , D, and J on the semigroup S are called Green’s
relations after J. A. Green, who introduced them in 1951.
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CHAPTER 2

Order on Transformations and Nilpotent Semigroups

Introduction

This chapter introduces essential concepts crucial for understanding the

ranks and presentations of finite transformation semigroups. We focus

on order-preserving, order-increasing, and order-decreasing transforma-

tions within the context of finite chains, specifically .

We begin by defining partially and totally ordered sets, leading to

the introduction of the semigroup of order-preserving transformations.

Additionally, we explore the semigroup of order-decreasing transforma-

tions and define the Catalan monoid, which consists of transformations

that are both order-preserving and order-decreasing.

This chapter also discusses nilpotent semigroups and introduces , the

semigroup of order-preserving transformations with one fixed point,

demonstrating its nilpotent nature. Key propositions and corollaries are

presented to elucidate the properties of these semigroups.
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Ultimately, this chapter establishes a foundational understanding of fi-

nite transformation semigroups, setting the stage for further exploration

in subsequent chapters.
2.1

Basic Definitions

In this section we shall introduce basic concepts used in this dissertation.

First we shall define ordered sets;

Definition 2.1.1. A binary relation ω on a set X (that is, a subset ω of

X × X) is said to be a (partial) order if

(1) it is reflexive,

(2) it is anti-symmetric, and

(3) it is transitive.

Traditionally, one writes x ≤ y rather than (x, y) ∈ ω, where x, y ∈ X.

We shall follow this convention, and write x ≥ y, x < y, and x > y to

respectively mean (y, x) ∈ ω, (y, x) ∈ ω but x , y, and (x, y) ∈ ω but

x , y.

If a partial order satisfies extra property that

(4) ∀ x, y ∈ X; either x ≤ y or y ≤ x

then it is called a total order. We shall refer to (X, ≤) as a partially ordered
set if conditions (1), (2), and (3) are satisfied. And, if in addition (4) is

also satisfied, then we refer to (X, ≤) as a totally ordered set.

Notation. Let’s denote the n-element finite chain by Xn. That is, Xn =

{1, 2, . . . , n}.
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Definition 2.1.2 (Order-preserving Transformation). A transformation α
on Xn is said to be order preserving if

x < y =⇒ xα ≤ yα for all x, y ∈ Xn

It is easy to see that composition of two order-preserving transforma-

tions is again an order-preserving transformation.

Notation 2.1.3. We shall use the symbol On to denote the semigroup of

all order-preserving transformations on Xn.

Definition 2.1.4. Let α ∈ Tn be any transformation on Xn then we say

that α is

• order increasing if for all x ∈ dom(α); xα ≥ x;

• order decreasing if for all x ∈ dom(α); xα ≤ x.

Notation. We denote by Dn the set of all order-decreasing transforma-

tions on Xn.

Catalan Monoid: Let Cn be the set of all order-decreasing and order-

preserving transformations. That is, Cn = Dn ∩ On, is the semigroup of

all order-decreasing and order-preserving transformations.

Since the identity full transformation εn is both order-decreasing and

order-preserving full transformation on Xn, therefore εn ∈ Cn. Hence,

Cn is a monoid and is called as catalan monoid.

Definition 2.1.5. The number Cn =
1

n+1
(2n

n
)

is called the nth
− catalan

number. Set also C0 = 1 (see [1]).

Also, see that

Cn =
1

n + 1

(
2n
n

)
=

1
n + 1

2n!
n! (2n − n)!
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=
1

n + 1
2n!

n! n!
=

1
n

2n!
(n + 1)! (n − 1)!

=
1
n

2n!
(n − 1)! (2n − n + 1)!

=
1
n

2n!
(n − 1)! (2n − (n − 1))!

=
1
n

(
2n

n − 1

)
Therefore, the nth-catalan number, Cn =

1
n+1

(2n
n
)
= 1

n
( 2n

n−1
)
.

The following result regarding cardiniality of catalan monoid Cn has

been proved by Peter M. Higgins (see [9], Theorem 3.1).

Theorem 2.1.6. Let Cn be the semigroup of all decreasing and order-preserving
full transformations of Xn . Then |Cn| = Cn , the nth

− catalan number. ■

Definition. A subset of A ⊂ Xn is called invariant for a transformation

α ∈ Tn if Aα = {xα : x ∈ A} ⊂ A.

Definition 2.1.7. Let α be any transformation on Xn and x ∈ Xn, then α

is said to fix x if and only if xα = x.

We define Fix(α) := {x ∈ Xn : xα = x}, to be the set of all the elements

of Xn fixed by α.

Notation 2.1.8. Let A ⊂ Xn. We denote the semigroup of all order-

preserving transformations which fix exactly the elements of A by On,A.

2.2

Basic Results

If A = {p}, then we write On,p instead of On,A. That is, On,p is the

semigroup of all order-preserving transformations such that, for any

α ∈ On,p, we have xα = x, if and only if, x = p.
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In this section, we discuss some basic results for the transformation

semigroup On,p. The below Proposition and succeeding Corollary is

drawn from the work of Ayik G, Ayik H, and Koç M in [2].

Proposition 2.2.1. Let p ∈ Xn and let α ∈ On,p.

(i) If 1 ≤ x < p, then x + 1 ≤ xα.

(ii) If p < x ≤ n, then xα ≤ x − 1.

Proof. (i) Let α ∈ On,p. If x = 1, then it is clear that 1α , 1 as p is the

only fixed point of α.

Thus, we have

2 ≤ 1α. (2.1)

Consequently the result is true for x = 1.

Now, if 1 < x < p, and if possible assume that xα < x + 1. Then

xα ≤ x. (2.2)

Also, since x − 1 < x, then by definition of On,p and (2.2), we have

(x − 1)α ≤ xα ≤ x. (2.3)

Again, from (2.2), xα , x because otherwise x (< p) is a fixed point of α,

which is not true as p is the only fixed point of α. Therefore,

xα ≤ x − 1. (2.4)

Put x = 2 in (2.3) and using (2.4), we get

(2 − 1)α ≤ 2α ≤ 2 − 1 =⇒ 1α ≤ 2α ≤ 1 =⇒ 1α ≤ 1,

a contradiction to (2.1). Hence, our supposition is wrong. Consequently,
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if 1 ≤ x < p, x + 1 ≤ xα.

(ii) Let α ∈ On,p. If x = n, then it is clear that nα , n as p < n is the one

fixed point of α. Therefore,

nα ≤ n − 1

and consequently the result is true for x = n.

Now, if p < x < n and if possible assume xα > x − 1.

xα ≥ x.

But xα , x, otherwise x (> p) is another fixed point of α, a contradiction.

Therefore,

xα ≥ x + 1. (2.5)

Also, since x + 1 > x, then by definition of On,p,

(x + 1)α ≥ xα

or, by (2.5), (x + 1)α ≥ xα ≥ x + 1.

Let x = n − 1, then we have

(n − 1 + 1)α ≥ (n − 1)α ≥ n − 1 + 1

=⇒ nα ≥ n

=⇒ nα = n, a contradiction.

Hence, our supposition is wrong.

Consequently, if p < x ≤ n, xα ≤ n − 1. □

Corollary 2.2.2. If α ∈ On,p, then

(a) (p − 1)α = p whenever p > 1.
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(b) (p + 1)α = p whenever p < n.

Proof. (a) If p > 1, then 1 ≤ p − 1 < p. Therefore, by proposition 2.2.1(i),

x + 1 ≤ xα

=⇒ p − 1 + 1 ≤ (p − 1)α

=⇒ p ≤ (p − 1)α.

But p ≮ (p − 1)α, otherwise since p = pα we get

pα < (p − 1)α but p > p − 1 and α ∈ On,p is an order-preserving

transformation. Hence, a contradiction. Therefore,

(p − 1)α = p.

(b) If p < n, then p < p + 1 ≤ n. Therefore, by proposition 2.2.1(b),

xα ≤ x − 1

=⇒ (p + 1)α ≤ p + 1 − 1

=⇒ (p + 1)α ≤ p.

But (p+ 1)α ≮ p, otherwise, since p = pα, we get (p + 1)α < p = pα but

p + 1 > p and α ∈ On,p is an order-preserving transformation. Hence, a

contradiction. Therefore,

(p + 1)α = p.

□

Definition. Let cx be that constant map to x, for x ∈ Xn. That is,

cx :=

 1 2 . . . n
x x . . . x

 . (2.6)
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Note that constant transformation has been defined in chapter 1 (see

1.4.5) and was denoted by 0x. But in this chapter, we shall stick to above

notation.

Remark 2.2.3. c1 is the zero element of the catalan monoid Cn.
To see this, let α ∈ Cn, then α is order-decreasing and order-preseving.

Let

α =

 1 2 . . . n
i1 i2 . . . in


then ik ≤ k for all 1 ≤ k ≤ n and il ≤ im whenever l ≤ m.

Now,

αc1 =

 1 2 . . . n
i1 i2 . . . in

  1 2 . . . n
1 1 . . . 1


=

 1 2 . . . n
1 1 . . . 1

 = c1.

Also,

c1α =

 1 2 . . . n
1 1 . . . 1

  1 2 . . . n
i1 i2 . . . in


=

 1 2 . . . n
i1 i2 . . . in

 .
We claim that i1 = 1. Otherwise if i1 > 1, then we get a contradiction to

the fact ik ≤ k for all 1 ≤ k ≤ n.

Therefore, our claim that i1 = 1 is established.

Thus,

c1α =

 1 2 . . . n
1 1 . . . 1

  1 2 . . . n
i1 i2 . . . in


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=

 1 2 . . . n
1 1 . . . 1

 = c1.

Consequently, c1 is the zero element of Cn. □

Remark 2.2.4. cp is the zero element of On,p.
To see this, let α ∈ On,p. Then,

αcp =

 1 2 . . . p . . . n
1α 2α . . . p . . . nα

  1 2 . . . p . . . n
p p . . . p . . . p


=

 1 2 . . . p . . . n
p p . . . p . . . p

 = cp.

Also

cpα =

 1 2 . . . p . . . n
p p . . . p . . . p

  1 2 . . . p . . . n
1α 2α . . . p nα


=

 1 2 . . . p . . . n
p p . . . p . . . p

 = cp.

Since α ∈ On,p was arbitrarily chosen, cp is the zero element of On,p. □

Lemma 2.2.5. On,r is isomorphic to On,n−r+1 for r ∈ {1, 2, . . . , ⌊n
2⌋}, where

⌊
n
2⌋ is the greatest integer less or equal to n

2 .

Proof. To prove this, we proceed as follows:

Define a mapping φ : On,r −→ On,n−r+1 by

x(αφ) = n − (n − x + 1)α + 1 for all x ∈ {1, 2, . . . ,n}.

First, we show that φ maps On,r into On,n−r+1. Let α ∈ On,r, then

(n − r + 1)(αφ) = n − (n − (n − r + 1) + 1)α + 1) = n − rα + 1 = n − r + 1.
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Moreover, for x < y ∈ Xn, −y < −x =⇒ n − y + 1 < n − x + 1

=⇒ −(n − x + 1) < −(n − y + 1). Thus, we have

x(αφ) = n − (n − x + 1)α + 1

≤ n − (n − y + 1)α + 1

= y(αφ).

Consequently, αφ is order-preserving fixing only n− r+ 1 and, therefore,

αφ ∈ On,n−r+1.

On the other hand, for α ∈ On,n−r+1, let α be defined by the following rule;

xα = n − (n − x + 1)α + 1

Then,

rα = n − (n − r + 1)α + 1

= n − (n − r + 1) + 1

= n − n + r − 1 + 1

= r.

Further, it is a routine to check that α is order-preserving. Consequently,

α ∈ On,r. Also, x(ᾱφ) = n−(n−x+1)ᾱ+1 = n−(n−(n−(n−x+1)+1)α+1)+1 =

xα. So, we have (α)φ = α and, therefore, φ is surjective.

Next, let α, β ∈ On,r with αφ = βφ, then

x(αφ) = x(βϕ) for all x ∈ Xn

=⇒ n − (n − x + 1)α + 1 = n − (n − x + 1)β + 1 ∀ x ∈ Xn

=⇒ (n − x + 1)α = (n − x + 1)β for all x ∈ Xn.
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Now, if x = n, (n − n + 1)α = (n − n + 1)β =⇒ 1α = 1β

and, if x = 1, (n − 1 + 1)α = (n − 1 + 1)β =⇒ nα = nβ. Therefore, α = β.

Hence, φ is injective.

Finally, let α, β ∈ On,r. Then for x ∈ Xn, we have

x((αβ)φ) = n − (n − x + 1)αβ + 1

= n − (n − n + (n − x + 1)α − 1 + 1)β + 1

= n − (n − (n − (n − x + 1)α + 1) + 1)β + 1

= (n − (n − x + 1)α + 1)(βφ)

= (x(αφ))(βφ).

This shows that (αβ)φ = (αφ)(βφ), which completes the proof. □

From above lemma, we can see that On,1 is isomorphic to On,n. Simi-

larly, we shall show that On,2 and On−1,1 are isomorphic.

Lemma 2.2.6. On,2 and On−1,1 are isomorphic.

Proof. Let ϕ : On,2 −→ On−1,1 with x(αϕ) = (x + 1)α − 1 for all x ∈
{1, . . . ,n − 1} = Xn−1 and α ∈ On,2.

Firstly, we show that ϕ maps into On−1,1. Let α ∈ On,2. Then

1(αϕ) = (1 + 1)α − 1 = 2 − 1 = 1.

Moreover, for x < y ∈ Xn−1, we have

x(αϕ) = (x + 1)α − 1 ≤ (y + 1)α − 1 = y(αϕ) ≤ n − 1.

Further, we have

x(αϕ) = (x + 1)α − 1 < x + 1 − 1 = x
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for all x ∈ {2, 3, 4, . . . ,n − 1}. This shows that αϕ ∈ On−1,1.

On the other hand, for α ∈ On−1,1, let ᾱ ∈ Tn with 1ᾱ = 2 and xᾱ =
(x−1)α+1 (≤ n) for all x ∈ {2, . . . ,n}. We have 2ᾱ = (2−1)α+1 = 1+1 = 2. It

is routine to show that ᾱ is order-preserving and xᾱ < x for x ∈ {3, . . . ,n},
so α ∈ On,2.

Further, we have

x(ᾱϕ) = (x + 1)ᾱ − 1 = (x + 1 − 1)α + 1 − 1 = xα

for x ∈ Xn−1, i.e., ᾱϕ = α, which proves that ϕ is surjective.

Next, we verify that ϕ is injective. Let α, β ∈ On,2 with αϕ = βϕ. For

x ∈ Xn−1, the assumption xαϕ = xβϕ implies (x+1)α = (x+1)β. Moreover,

we have 1α = 2 = 1β, which completes the argument that α = β.

Finally, let α, β ∈ On,2. Then for x ∈ Xn−1, we have

x((αβ)ϕ) = (x + 1)αβ − 1 = (((x + 1)α − 1) + 1)β − 1

= ((x + 1)α − 1)(βϕ) = (x(αϕ))(βϕ).

This shows that (αβ)ϕ = (αϕ)(βϕ), which completes the proof. □

2.3

Nilpotent Semigroups

In this section, we introduce nilpotent semigroup. The definitions and

results are partly drawn from the works in [2] and [8].

Definition 2.3.1. An element a of a semigroup S with the zero element 0

is called nilpotent or a nil− element provided that ak = 0 for some k ∈ N.

The minimal k for which ak = 0 is called the nilpotency degree or nilpotency
class of the element a and is denoted by nd(a).

The set of all nilpotent elements of S is denoted by N(S).
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Definition 2.3.2. The semigroup S with 0 is called as nilpotent semigroup if

Sk = {0} for some positive integer k. That is, the semigroup S is nilpotent

if the product of k elements a1a2 . . . ak = 0 for all ai ∈ S for all 1 ≤ i ≤ k.

Proposition 2.3.3. Let S be a finite semigroup with the zero element 0. Then
the following are equivalent:

(a) S is nilpotent.

(b) Every element a ∈ S is nilpotent.

Proof. Assume (a) holds. Let nd(S) = k and a ∈ S be arbitrary, then

aa · · · a︸ ︷︷ ︸
k−times

= 0. That is, ak = 0.

Hence, a and consequently every element in S is nilpotent.

Conversely assume that (b) holds. Let a1, a2, . . . , ak be arbitrary ele-

ments of S such that a1a2 · · · ak , 0.

For i = 1, 2, . . . , k set bi = a1a2 · · · ai and note that bi , 0. Assume that

bi = b j for some i < j and let x = ai+1ai+2 · · · a j. Then, for all m ∈ N, we

have

bixm = (bix)xm−1 = (b j)xm−1 = bixm−1 = . . . = bi

Hence, xm , 0 for all m ∈ N, which is a contradiction to (b) (because, x =∏ j
k=i+1 ak ∈ S and (b) holds).

Hence, all elements bi : 1 ≤ i ≤ k are different and non-zero. Thus,

k < |S|.
In particular, S|S| = {0} and thus S is nilpotent. □

Remark 2.3.4. Above proposition says that a semigroup S is nilpotent if

and only if N(S) = S.

Lemma 2.3.5. α ∈ Cn is nilpotent if and only if Fix(α) = {1}.
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Proof. Assume α ∈ Cn be nilpotent. Then, there exists k ∈ N such that

αk = c1, the zero element of Cn (see Remark 2.2.3).

Let x ∈ Fix(α). Then,

xα = x.

Repeatedly applying α, we get

xα2 = xα = x, xα3 = (xα2)α = xα = x, . . . ,

xαn = x n ∈ N (2.7)

But since αk = c1, therefore

xαk = xc1 = 1. (2.8)

Thus, from (2.7), we get

x = xαk = 1.

That is,

xα = x implies x = 1

Consequently, since x ∈ Fix(α) was choosen arbitrary, Fix(α) = {1}.

Conversely, assume that Fix(α) = {1}. Let xi (, 1) ∈ Xn then xiα , xi.

Consider the sequence xi, xiα, xiα2, . . .. Since Xn is finite, α is order-

decreasing, and 1 is the only fixed point ofα, therefore the above sequence

must eventually reach 1. Thus, there exists ki ∈ N such that xiαki = 1.

Since xi ∈ Xn was arbitrary chosen, there exists ki for all xi ∈ Xn such

that xiαki = 1.

Let k = max{ki : i = 1, 2, . . . , |Xn| − 1}, then

xαk = 1 for all x (, 1) ∈ Xn
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Also, 1αk = 1. Consequently, α is nilpotent. Hence, the result follows.

□

Lemma 2.3.6. On,1 = N(Cn)

Proof. Let α ∈ On,1. First we show that α ∈ Cn. To see this, we proceed

as follows;

since p = 1, then by proposition 2.2.1(ii), we have

xα ≤ x − 1 for all 1 < x ≤ n

i.e., xα ≤ x − 1 < x

=⇒ xα < x for all x ∈ (1,n].

Therefore, α is order-decreasing and hence α ∈ Cn.

Now, since Fix(α) = {1} and α ∈ Cn, therefore by lemma 2.3.5, α is

nilpotent. This gives,

α ∈ N(Cn).

Thus, On,1 ⊂ N(Cn).

Conversely, let α ∈ N(Cn), then by lemma 2.3.5, Fix(α) = {1}. Also,

by definition of Cn, α is order-preserving and consequently α ∈ On,1.

Therefore, N(Cn) ⊂ On,1. Hence, On,1 = N(Cn), as required. □

Lemma 2.3.7. On,p is a nilpotent semigroup.

Proof. Since On,1 = N(Cn) (see lemma 2.3.6), therefore it is enough to

consider the case p ≥ 2.

Let α ∈ On,p, then by corollary 2.2.2,

(p − 1)α = (p + 1)α = p

and, therefore, (p − 1)αk = (p + 1)αk = p for all k ∈N.
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Now, for 1 ≤ x ≤ p − 2, xαp−1 = p, since α is order-preserving, p is

the only fixed point of α, and x + 1 ≤ xα. So, there exists atleast one

y ∈ {1, 2, . . . , p−2} such that yα = p−1 or else every element is mapped

to p (in that case, above is trivially true). Similarly, there exists atleast

one z ∈ {1, 2, . . . , y − 1} such that zα = y or else every element is mapped

to p − 1 (again, in thath case, the result follows). Therefore, we have to

apply α atmost p − 2 times such that

xαp−2 = p − 1

=⇒ xαp−1 = (p − 1)α = p

=⇒ xαp−1 = p for all x ∈ {1, 2, . . . , p − 2}.

Similarly, for x ∈ {p + 2, . . . , n}, using the fact that xα ≤ x − 1, we can

conclude that xαn−p = p.

Let m = max{p − 1, n − p}, then

xαm = p for all x ∈ {1, 2, . . . ,n}.

Consequently, αm = cp.

Thus, On,p ⊂ N(On,p) ⊂ On,p. Hence,

On,p = N(On,p).

That is, On,p is a nilpotent semigroup with zero element cp. □

Proposition 2.3.8. Let Cn be the semigroup of all decreasing and order-
preserving full transformations of Xn. Further, let N(Cn) be the set of all
nilpotents in Cn. Then

|N(Cn)| = Cn−1 ; the (n − 1)th Catalan number.
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Proof. The result will certainly follow if we establish a bijection from Cn−1

onto N(Cn). For all α ∈ Cn−1, define a map θ : Cn−1 → N(Cn) by α 7→ α
′

where

iα
′

= max{1, (i − 1)α}, (i = 1, 2, . . . ,n).

Now, since n < Domα = Xn−1 and iα′ = (i − 1)α < i for all i > 1, it follows

that iα′ has the same degrees of freedom as (i − 1)α for all i > 1. Thus,

since 1α = 1α
′

= 1, θ is a bijection onto N(Cn) as required. □

Now, using Lemma 2.2.5, Lemma 2.3.6, and Proposition 2.3.8, we

obtain the following result.

Lemma 2.3.9. |On,1| = |On,n| = Cn−1. ■

Lemma 2.3.10. |On,p| = Cp−1Cn−p.

Proof. For each α ∈ On,p, we fix

α1 =

 1 2 . . . p − 2 p − 1 p
1α 2α . . . (p − 2)α p p

 . (2.9)

α2 =

 1 2 3 . . . n − (p − 1)

1 1 (p + 2)α − (p − 1) . . . nα − (p − 1)

 . (2.10)

That is, in general,

kα2 = (p + k − 1)α − (p − 1) for all 2 ≤ k ≤ n − (p − 1). (2.11)

This gives,

n − (p − 1)α2 = (p + n − p + 1 − 1)α − (p − 1) = nα − (p − 1).

Now, by Proposition 2.2.1,

x + 1 ≤ xα for all 1 ≤ x < p.
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This gives, x + 1 ≤ xα1 for all 1 ≤ x < p and pα1 = p

and, therefore, α1 ∈ Op,p.

Again, by proposition 2.2.1,

αx ≤ x − 1 for all p < x ≤ n

=⇒ xα − p ≤ x − 1 − p for all p < x ≤ n

or xα − (p − 1) ≤ x − p for all p < x ≤ n.

Since p < x, 1 < x − p =⇒ 2 < x − (p − 1) or 2 < k ;

and x ≤ n =⇒ x − (p − 1) ≤ n − (p − 1) or k ≤ n − (p − 1);

where k = x − (p − 1).

Thus, kα2 ≤ k − 1 for all 2 < k ≤ x − (p − 1) with 1α2 = 1. Therefore,

α2 ∈ On−p+1,1.

Now, consider the map

f : On,p −→ Op,p ×On−p+1,1

defined by

α f = (α1, α2).

That is, f maps each α ∈ On,p to the ordered pair (α1, α2).

Now, let α, α
′

∈ On,p then we can define α1, α2, α
′

1, α
′

2 as in equations

(2.10) and (2.11) such that

α f = (α1, α2) and α
′

f = (α
′

1, α
′

2).

If α f = α′ f , then

(α1, α2) = (α
′

1, α
′

2)
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=⇒ α1 = α
′

1 and α2 = α
′

2

That is,

xα = xα
′

for all x ∈ {1, 2, 3, . . . , p} (2.12)

and, also kα2 = kα
′

2 for all 1 ≤ k ≤ n − (p − 1). This implies, by (2.11),

(p + k − 1)α − (p − 1) = (p + k − 1)α
′

− (p − 1) for all 3 ≤ k ≤ n − (p − 1).

That is, (p + k − 1)α = (p + k − 1)α
′

for all 3 ≤ k ≤ n − (p − 1).

Let x = p + k − 1, then

3 ≤ k ≤ n − (p − 1)

=⇒ p + 3 ≤ p + k ≤ n + 1

=⇒ p + 2 ≤ p + k − 1 ≤ n

=⇒ p + 2 ≤ x ≤ n

Thus, we obtain,

xα = xα
′

for all p + 2 ≤ x ≤ n (2.13)

Also,

(p + 1)α = p = (p + 1)α
′

(by corollary 2.2.2) (2.14)

Therfore, by (2.12), (2.13), and (2.14), we have

xα = xα
′

for all x ∈ {1, 2, . . . ,n}

and, therefore, α = α
′

Consequently, f is injective.

Also, for every pair (α1, α2) ∈ Op,p × On−p+1,1 there exists α ∈ On,p such
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that

α f = (α1, α2)

and hence f is a bijection. Thus,

|On,p| = |Op,p ×On−p+1,1| = |Op,p| × |On−p+1,1| = Cp−1 × Cn−p,

by Lemma 2.3.9. □
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CHAPTER 3

Ranks for Transformation Semigroups

Introduction

In the study of algebraic structures, the concept of rank plays a piv-

otal role in understanding the generative characteristics of semigroups.

This chapter focuses on the ranks of transformation semigroups, partic-

ularly the order-preserving transformation semigroups. The rank of a

semigroup is defined as the minimum number of elements required to

generate the entire semigroup, serving as a crucial metric for assessing

its complexity and structural properties.

Transformation semigroups encompass various classes, including order-

preserving and nilpotent transformations. Recent research has expanded

our understanding of ranks within these contexts, revealing connections

to broader mathematical fields.

We aim to analyze the rank of On,p with an emphasis on the case

when p > 1. We begin by establishing foundational definitions and re-
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sults, gradually building towards a comprehensive examination of the

rank, culminating in significant theorems and propositions that eluci-

date the relationships between the elements and their generating sets.

This exploration not only enhances our understanding of transformation

semigroups but also contributes to ongoing research in the algebraic do-

main, as noted in existing literature (see, for example, [7] by Gomes and

Howie and [16] by Yağcı and Korkmaz).
3.1

Preliminaries

In this section, we introduce basic definitions related to rank of a semi-

group. The concepts are drawn from the work presented in [8] and [14].

Definition 3.1.1. Let S be any semigroup and A ⊂ S. An element s ∈ S
is said to be generated by A provided that s can be written as a finite

product of elements of A.

The set of all elements of S generated by A is denoted by ⟨A⟩.
A subset A of S is said to be a generating system or a generating set for

S provided that ⟨A⟩ = S.

If there exists a finite subset A of S such that S = ⟨A⟩, then S is called

a finitely generated semigroup.

Definition 3.1.2. The rank of a finitely generated semigroup S is defined

by

rank(S) = min{|A| : ⟨A⟩ = S}.

An element a in S \ S2 (if there exists) is called indecomposable. It

is clear that every generating set must contain all indecomposable el-

ements. In other words, if S = ⟨A⟩ , then S \ S2
⊂ A. Therefore, if
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S = ⟨S \ S2
⟩, then S \ S2 is the minimum generating set of S, and so

rank(S) = |S \ S2
|.

Lemma 3.1.3. Let S be a finite nilpotent semigroup. Then A = S \ S2 is the
unique minimal generating set for S.

Proof. Let G be any generating set for S and let x ∈ S \ S2 = A. Then, x ,
x1x2 · · · xn; where xi ∈ Xn, therefore, x ∈ G. Thus, A ⊂ G and consequently

A is contained in any generating set for S. Now, we only need to show

that S ⊂ ⟨S \ S2
⟩ = ⟨A⟩. For that, let x ∈ S be such that it doesn’t belong

to the subsemigroup of S generated by A; then x , 0. Further, since

x < A = S \ S2, we can write x = x1x2, where atleast one of the x1 or x2

does not belong to subsemigroup of S generated by A. Without loss of

generality, assume x1 doesn’t belong to the subsemigroup of S generated

by A, then x1 , 0.

Again, since x1 < A, we can write x1 = x3x4, where atleast one of the x3

and x4 does not belong to subsemigroup generated by A. Repeating this

process, we obtain

x = x1x2 · · · xm; where m ∈N.

Proceeding as above and since S is nilpotent, there exists some k ∈ N
such that

x = x1x2 · · · xk = 0,

which is a contradiction. Hence, S = ⟨S \ S2
⟩, which completes the

proof. □
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3.2

Rank of On,1

We shall first calculate the rank of the nilpotent subsemigroup of Cn.

Note that it has already been calculated by Yağcı M. and Korkmaz E. in

[16]; we will only discuss it briefly here.

Since we have already shown in Chapter 2 that N(C1) = O1,1 (see

Lemma 2.3.6) and for any p ∈ Xn, xα ≤ x − 1 (by Lemma 2.3.6 and

Proposition 2.2.1), we can conclude that for any α ∈ N(Cn), iα ≤ i − 1 for

all i ≥ 2. Also, again from Lemma 2.3.6, N(C2) = {

1 2

1 1

}.
From now on, in this section, we only consider the case n ≥ 3.

Lemma 3.2.1. For n ≥ 3, if

Y = {α ∈ N(Cn) : there exists at least one i ≥ 3 such that iα = i − 1},

then Y = N(Cn) \ N(Cn)2, and so Y is the set of indecomposable elements of
N(Cn). Moreover, 3α = 1 for all α ∈ N(Cn)2.

Proof. Let β, γ ∈ N(Cn). Then for all i ≥ 3, we have

i(βγ) = (iβ)γ ≤ (i − 1)γ ≤ i − 2.

Now it is clear that Y = N(Cn) \ N(Cn)2, and so Y is the set of indecom-

posable elements of N(Cn). Now, let α ∈ N(Cn)2, then

3α ≤ 2 but 3α , 2

=⇒ 3α ≤ 1

=⇒ 3α = 1,

and thus 3α = 1 for all α ∈ N(Cn)2. □
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Theorem 3.2.2. For n ≥ 3, if

Y = {α ∈ N(Cn) : there exists at least one i ≥ 3 such that iα = i − 1},

then Y is the minimum generating set of N(Cn). Moreover, N(Cn) = Y ∪ Y2.

Proof. By Lemma 3.2.1, it suffices to show that α ∈ ⟨Y⟩ for all α ∈ N(Cn)2.

For any α ∈ N(Cn)2, if

α =

 A1 A2 . . . Ap

1 a2 . . . ap

 ; where A j ⊂ Xn such that A jα =

1 : j = 1

a j : 2 ≤ j ≤ p,

it follows from Lemma 3.2.1 that 3 ∈ A1 and that ap ≤ n − 2. For every

2 ≤ i ≤ p, let bi = max Ai−1, bp+1 = n, B1 = {1, . . . , b2 − 1} and Bi =

{bi, . . . , bi+1 − 1}. Then consider the transformations

β =

{1, 2} A1 \ {1, 2} A2 · · · Ap

1 2 b2 · · · bp

 and

γ =

B1 B2 · · · Bp n
1 a2 · · · ap n − 1


It is clear that β ∈ N(Cn). From Lemma 3.2.1, since ai ≤ (min Ai) − 2,

it follows that ai ≤ (min Bi) − 1 for all 2 ≤ i ≤ p. Now it is clear that

γ ∈ N(Cn) and that α = βγ. Moreover, since 3 ∈ A1 \ {1, 2}, 3β = 2 and

nγ = n − 1, clearly β, γ ∈ Y, and so α ∈ ⟨Y⟩ and N(Cn) = Y ∪ Y2, as

required. □

Theorem 3.2.3. For n ≥ 3, rank(N(Cn)) = Cn−1 − Cn−2.

Proof. By Theorem 3.2.2, it suffices to determine the cardinality of Y =
N(Cn) \ N(Cn)2. Also, from Proposition 2.3.8, we have |N(Cn)| = Cn−1.

Since |N(Cn) \ N(Cn)2
| = |N(Cn)| − |N(Cn)2

|, it suffices to determine the
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cardinality of N(Cn)2. Recall that if α is any element in N(Cn)2, then

iα ≤ i − 2 for all i ≥ 3. For any α ∈ N(Cn)2, we define

α =

A1 A2 · · · Ap

1 a2 · · · ap

 and

β =

B1 B2 · · · Bp

1 a2 · · · ap


where for every 2 ≤ i ≤ p, A1 = {1, 2, 3, . . . , b1}, Ai = {bi−1 + 1, . . . , bi},

B1 = {1, 2, . . . , b1 − 1} and Bi = {bi−1, . . . , bi − 1} and b1 > 3, bp = n. Thus, if

we consider the function

f : N(Cn)2
→ N(Cn−1)

defined by the rule α f = β, then it is easy to check that f is a well-defined

bijection. Therefore, |N(Cn)2
| = |N(Cn−1)| = Cn−2 and so

rank(N(Cn)) = Cn−1 − Cn−2, as required.

□

Thus, using Theorem 3.2.3, Lemma 2.3.6, and Lemma 2.2.5, we obtain

Proposition 3.2.4. rank(On,1) = rank(On,n) = Cn−1 − Cn−2. ■

3.3

Rank of On,p

As already seen, the rank of On,1 as well as the rank of On,n is Cn−1−Cn−2.

Since On,2 is isomorphic to both On−1,1 and On,n−1, we can conclude that

rank(On,2) = rank(On,n−1) = Cn−2 − Cn−3.
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Since On,p is a nilpotent semigroup, we have

rank(On,p) = |On,p \O2
n,p| (see Lemma 3.1.3). Now, let

Gn,p = {α ∈ On,p : |xα − x| = 1 for at least one x ∈ Xn \ {p − 1, p, p + 1}}

and we will show that On,p \O2
n,p = Gn,p. For this, we show first that

O2
n,p ∩ Gn,p = ∅.

Lemma 3.3.1. If α, β ∈ On,p, then αβ < Gn,p.

Proof. Assume that there are α, β ∈ On,p such that αβ ∈ Gn,p. Then there is

x ∈ Xn \ {p − 1, p, p + 1} such that |xαβ − x| = 1.

If x < p − 1, then xα ≥ x + 1 by Proposition 2.2.1, where x + 1 < p.

This implies xαβ ≥ (x + 1)β ≥ x + 2. Thus, xαβ − x ≥ x + 2 − x = 2, a

contradiction.

If x > p + 1, then xα ≤ x − 1 by Proposition 2.2.1, where x − 1 > p.

Thus, xαβ ≤ (x − 1)β ≤ x − 2, i.e., xαβ − x ≤ x − 2 − x = −2, again a

contradiction. □

Proposition 3.3.2. On,p \O2
n,p = Gn,p.

Proof. By Lemma 3.3.1, we can conclude that On,p\O2
n,p ⊂ Gn,p. In order to

show the converse inclusion, we verify that α ∈ O2
n,p for all α ∈ On,p \Gn,p.

Let α ∈ On,p \ Gn,p. We define α∗ : Xn → Xn by

xα∗ =


xα − 1 for x ≤ p − 2,

xα + 1 for x ≥ p + 2,

p otherwise.

Since α < Gn,p implies |x − xα| ≥ 2 for all x ∈ Xn \ {p − 1, p, p + 1}, it is
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easy to see that α∗ ∈ On,p. We show that α = α∗γ, where

γ =

 1 2 3 . . . p − 2 p − 1 p p + 1 p + 2 . . . n
2 3 4 . . . p − 1 p p p p + 1 . . . n − 1

 .
It is clear that γ ∈ On,p. Let x ∈ Xn. Suppose that x ≤ p − 2. We have

xα∗γ = (xα−1)γ, where xα ≤ p since α is order-preserving. If xα = p, then

(xα− 1)γ = (p− 1)γ = p = xα. If xα < p, then (xα− 1)γ = (xα− 1)+ 1 = xα.

Thus,

xα∗γ = xα.

If x ∈ {p − 1, p, p + 1}, then

xα = p = pγ = xα∗γ.

Suppose that x ≥ p+2. Then xα∗γ = (xα+1)γ. Sinceα is order-preserving,

we have xα ≥ p. If xα = p, then xα∗γ = (xα + 1)γ = (p + 1)γ = p = xα. If

xα > p, then xα + 1 > p + 1 and, therefore,

xα∗γ = (xα + 1)γ = (xα + 1 − 1) = xα.
□

In general, Proposition 3.3.2 shows the following:

Observation 3.3.3. α ∈ O2
n,p if and only if |xα − x| ≥ 2 for all x ∈ Xn \ {p −

1, p, p + 1}.

Lemma 3.3.4. |O2
n,p| = |On−2,p−1|.

Proof. Let α ∈ O2
n,p. We define α∗ ∈ Tn−2 by

xα∗ =

xα − 1 for x ≤ p − 1,

(x + 2)α − 1 for p ≤ x ≤ n − 2.
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Clearly, xα∗ ≤ n − 1 for all x ∈ Xn−2. Since |xα − x| ≥ 2 for all x ∈
Xn\{p−1, p, p+1}, we have |xα∗−x| ≥ 1 for all x ∈ {1, . . . , p−2, p, . . . ,n−2}.

Moreover, (p− 1)α = p implies (p− 1)α∗ = (p− 1)α− 1 = p− 1. Obviously,

α∗ is order-preserving. Hence, we can conclude that α∗ ∈ On−2,p−1. We

define a mapping ϕ : O2
n,p → On−2,p−1 by αϕ = α∗. It is easy to verify that

ϕ is a bijection, i.e., O2
n,p = |On−2,p−1|.

□

Now we are able to calculate the rank of nilpotent semigroup On,p.

Theorem 3.3.5. rank(On,p) = Cp−1Cn−p − Cp−2Cn−p−1

Proof. Note that rank(On,p) = |On,p\O2
n,p| = |On,p|−|O2

n,p| = |On,p|−|On−2,p−1|,

by Lemma 3.3.4.

Since |On,p| = Cp−1Cn−p and |On−2,p−1| = Cp−2Cn−p−1 by Lemma 2.3.10, we

get

rank(On,p) = |On,p \O2
n,p| = Cp−1Cn−p − Cp−2Cn−p−1.

□
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CHAPTER 4

Presentations for Transformation Semigroups

Introduction

In semigroup theory, the concept of a presentation is pivotal for under-

standing the algebraic structure of semigroups. A presentation provides

a framework where a semigroup can be described using a finite set of

generators and defining relations, thereby offering insights into how el-

ements interact within the semigroup. This approach not only simplifies

the complexity inherent in the algebraic structure but also serves as a

foundation for various applications in both theoretical and computa-

tional contexts.

Particularly for transformation semigroups, presentations play a cru-

cial role in elucidating the relationships among transformations and en-

abling the classification of semigroups. By establishing a concise repre-

sentation of transformations through generators and their corresponding

relations, one can derive significant insights into the behavior and prop-
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erties of the semigroup.

There has been various research on the presentations of finite transfor-

mation semigroups. A presentation for the transformation semigroups

ISn, Tn, and PT n were provided in The Classical Finite Transforma-

tion Semigroups [8]. James East gave presentations for the semigroups

PT n \ Sn and PT n \ Tn in [5]. Fernandes V.H., Gomes G.M.S., and Jesus

M.M. presented the natural monoids on Xn in [6].

This chapter focuses on the presentation of On,1. We will systemati-

cally identify a set of generators and elucidate their defining relations,

aiming to construct a coherent presentation for this semigroup.
4.1

Semigroup Presentations

In this section, the concepts are partly drawn from the work of Ganyushkin

O and Mazorchuk V presented in Classical Finite Transformation Semi-

groups [8].

Definition 4.1.1. Let A be a non-empty set, which we will call the alphabet.
Elements of A will be called letters. Any finite non-empty sequence

a1a2 · · · ak of elements from A will be called a word or a word over A. The

set of all words over A is denoted A+.

If u = a1a2 · · · ak and v = b1b2 · · · bm are two words, we define their

product or concatenation or juxtaposition as follows:

uv = a1a2 · · · akb1b2 · · · bm.

It is obvious that this binary operation is associative, which turns A+ into

a semigroup. This semigroup is called the free semigroup with base A.

Obviously, A is a generating system of A+.

Ranks and Presentations for Finite Transformation semigroups



63 CHAPTER 4. PRESENTATIONS FOR TRANSFORMATION SEMIGROUPS

Let now S be a semigroup and A be a generating system for S. On the

one hand, every element s ∈ S can be written as a product s = a1a2 · · · ak

of some elements from A, however not uniquely in general. On the other

hand, every product a1a2 · · · ak can be considered as an element of A+.

If there exist two words u = a1a2 · · · ak and v = b1b2 · · · bm in A+, which

determine the same element s ∈ S, we say that the relation u = v holds

in S.

Notation 4.1.2. If ρ is a congruence on S, the equivalence class of a ∈ S is

denoted by aρ or simply by a if there is no confusion about ρ.

Let ρ be a congruence on a semigroup S. Consider the set S/ρ of all

equivalence classes. For a, b ∈ S set

ā · b̄ = ab. (4.1)

Lemma 4.1.3. The formula (4.1) defines a binary associative operation on S/ρ.
In other words, (S/ρ, ·), where · is defined by (4.1), is a semigroup.

Proof. First we have to show that (4.1) defines a well-defined binary

operation on S/ρ. Let a′ ∈ ā and b′ ∈ b̄. Since ρ is compatible we have

ab ≡ ab′ ≡ a′b′ and hence ā·b̄ = ā′ ·b̄′, that is, the operation · is well-defined.

The associativity of · follows from the associativity of the multiplica-

tion in S:

(ā · b̄) · c̄ = ab · c̄ = abc = ā · bc = ā · (b̄ · c̄).

□

Lemma 4.1.4. Let φ : S −→ T be a homomorphism of semigroups and π be the
cannonical projection π : S −→ S/Kerφ. Then the mapping ψ : S/Kerφ −→ T
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defined via aψ = aφ is a monomorphism and φ = π ◦ ψ, that is the diagram

S T

S/kerφ

φ

π
ψ

commutes.
Moreover, if φ is an epimorphism, then ψ is an isomorphism.

Proof. First, we have to check that ψ is well-defined. For that let a, b ∈
S/kerϕ such that a = b.

Without loss of generality, we may write a ∈ b. Then, by definition of

kerφ, aφ = bφ.

Hence, aψ = aφ = bφ = bψ. Consequently, ψ is well-defined.

Now, if aψ = bψ, then aϕ = bϕ and hence a ∈ b. That is, a = b.

Therefore, ψ is injective.

The next step is to check that ψ is a homomorphism. Let ā, b̄ ∈ S/Ker(φ).

Then

(ā · b̄)ψ = (ab)ψ = (ab)φ = aφbφ = āψb̄ψ.

Now for a ∈ S we have (aπ)ψ = āψ = aφ and hence φ = πψ.

Finally, if φ is surjective, then so is ψ since φ = πψ. We already know

that ψ is always injective. Hence ψ is bijective for surjective φ. This

completes the proof. □

Proposition 4.1.5. The binary relation

ρ(S,A) = {(u, v) ∈ A+ × A+ : u = v is a relation in S} (4.2)

is a congruence on A+, moreover A+/ρ(S,A) � S canonically.

Proof. First we show that the binary relation in (4.2) is an equivalence.
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Clearly, (4.2) is reflexive and symmetric as if u ∈ A+ such that u determine

some elements s ∈ S, then u and u determine the same element s ∈ S.

This implies, u = u is a relation in S and this gives, (u,u) ∈ ρ(S,A). And

if (u, v) ∈ ρ(S,A), then u = v is a relation in S. That is, u, v determine a

same element s ∈ S. Equivalently, v,u determine a same element s ∈ S.

This implies, v = u is a relation in S, that is, (v,u) ∈ ρ(S,A). Now, let

(u, v), (v,w) ∈ ρ(S,A), then u, v and v, w respectively determine the same

elements s1 and s2 ∈ S.

If v = a1a2 · · · ak, then s1 = a1a2 · · · ak = s2. That is, s1 = s2 = s(say) (in

S).This gives, u,w determine the same elements s ∈ S and, therefore,

(u,w) ∈ ρ(S,A).

Further, let (t,u), (v,w) ∈ ρ(S,A), then t = u and v = w are relations

in S. That is, t,u and v,w respectively determine same elements s1, s2 ∈

S, which implies t = s1 = u and v = s2 = w in S.

Now, tv = s1s2 = s ∈ S and uw = s1s2 = s ∈ S (since S is a semigroup).

This gives, tv = s = uw. That is, tv and uw determine the same element

s ∈ S. Therefore, (tv,uw) ∈ ρ(S,A). Consequently, ρ(S,A) is a congruence.

Finally, define a mapping φ : A+ −→ S sending the word a1a2 · · · ak

to the product a1a2 · · · ak. Clearly, φ is well-defined and obviously a

homomorphism of semigroups. It is surjective since A generates S.

Further,

kerφ = {(u, v) ∈ A+ × A+ : uφ = vφ}

= {(u, v) ∈ A+ × A+ : (u1u2 · · · uk)φ = (v1v2 · · · vm)φ,

where u = u1u2 · · · uk and v = v1v2 · · · vm}

= {(u, v) ∈ A+ × A+ : u1u2 · · · uk = v1v2 · · · vm in S}

= {(u, v) ∈ A+ × A+ : u, v determine same the same element in S}
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= {(u, v) ∈ A+ × A+ : u = v is a relation in S}

= ρ(S,A).

That is,

ρ(S,A) = kerφ.

Hence, ρ(S,A) is a congruence on A+. Since we know, by lemma 4.1.4,

that

A+/kerφ � S f or φ surjective

Therefore, we conclude that

A+/ρ(S,A) � S.

Which completes the proof. □

Fixing some representatives in all classes of ρ(S,A) determines a canon-

ical form for each element of S with respect to the generating system A.

Sometimes, it is convenient to identify the elements from S with their

canonical forms. Such identification might be useful if the following two

natural conditions are satisfied:

• There exists a constructable description for all canonical forms.

• If the canonical forms of some elements g, h ∈ S are known, then

one can determine the canonical form of the element gh.

Let u = v be a relation in S = ⟨A⟩. We will say that some congruence ρ

on A+ contains the relation u = v provided that (u, v) ∈ ρ. In particular,

the uniform congruence ωA+ = A+ × A+ contains all possible relations.

As the intersection of an arbitrary family of congruences is a congruence,

for each set Σ of relations, there exists a unique minimal congruence ρΣ

Ranks and Presentations for Finite Transformation semigroups



67 CHAPTER 4. PRESENTATIONS FOR TRANSFORMATION SEMIGROUPS

on A+, which contains all relations from Σ. If ρΣ = ρ(S,A), the set Σ is

called a set or a system of defining relations for S with respect to A. In this

case, one says that S is a semigroup generated by A with the system Σ of

defining relations. This is denoted by S = ⟨A|Σ⟩. The pair ⟨A|Σ⟩ is called

a presentation of S. Note that a system of defining relations for S with

respect to A is not unique in general.

Another way to define semigroup presentation is using Lemma 4.1.4

as given below.

Definition 4.1.6. Let S be a semigroup and A be generating system for S.

If φ : A+ −→ S be defined as in Proposition 4.1.5, then φ is well-defined

surjective homomorphism of semigroups and, therefore, by Lemma 4.1.4

S � A+/kerφ

If (u, v) ∈ kerφ, where u and v are words in A+ then uφ = vφ.

As a result, u = v or u ≡ v is called a relation in S.

We define a Presentation for S in terms of generators A = {a1, a2, a3, . . .}

and relation ρ = {ui = vi : i ∈ I} ⊂ A+ × A+ as

S = ⟨a1, a2, . . . | ui = ui : i ∈ I⟩ if ρ♯ = kerφ

If A = {a1, a2, . . . , an} is finite and ρ = {(x1, y1), (x2, y2, . . . , (xm, , ym)} ⊂

A+ × A+ such that ρ♯ = kerφ, then we say that S has a finite presentation

⟨a1, a2, . . . , an | x1 = y1, x2 = y2, . . . , xm = ym⟩

Equivalently, we say that S is finitely presented.

Let Σ be a subset of A+ × A+. A pair (u, v) ∈ A+ × A+ will be called

a Σ-pair provided that u = v or there exist decompositions u = su1t and
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v = sv1t (where s, t,u1, v1 ∈ A+ or either s or t or both are empty), such

that either (u1, v1) or (v1,u1) belongs to Σ.

Proposition 4.1.7. Congruence ρΣ coincides with the set of all pairs (u, v) for
which there exists a finite collection w1,w2, . . . ,wk ∈ A+ such that each of the
pairs (u,w1), (w1,w2), . . . , (wk−1,wk) and (wk, v) is a Σ-pair.

Proof. Let Ω denote the set of all pairs (u, v), which satisfy the condition

of the proposition. Obviously, each Σ-pair is contained in ρΣ. As each

congruence is an equivalence relation, in particular, is transitive, we get

Ω ⊂ ρΣ.

To complete the proof, it is enough to show thatΩ is a congruence. Let

(u, v) ∈ Ω and (u,w1), (w1,w2), . . . , (wk−1,wk), (wk, v) be the corresponding

collection of Σ-pairs. Then for every w ∈ A+, we have that the pairs

(wu,ww1), (ww1,ww2), . . . , (wwk−1,wwk), (wwk,wv) are Σ-pairs as well.

Hence, (wu,wv) ∈ Ω and Ω is left compatible. Analogously, one shows

that Ω is right compatible. This completes the proof. □

A relation u = v is said to follow from Σ provided that (u, v) ∈ ρΣ.

Remark 4.1.8. Assume that both u = v and v = w follow from Σ. Then,

obviously, u = w follows from Σ as well.

4.2

Presentation for On,1

The goal of this section is to give a presentation for On,1. Let An be the

set of all mappings g ∈ {0, 1, . . . ,n − 1}Xn (i.e., g : Xn −→ {0, 1, . . . ,n − 1})

with 1g = 0, xg ≥ 1 for x ∈ {2, . . . ,n}, where lg = 1 for some l ∈ {3, . . . ,n},
and either (x + 1)g ≤ xg or (x + 1)g = xg + 1 for all x ∈ {1, . . . ,n − 1}.
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Lemma 4.2.1. Let g ∈ An. Then x − xg ≥ 1 for all x ∈ Xn.

Proof. We have 1 − 1g = 1 − 0 = 1. Suppose x − xg ≥ 1 for some x ∈ Xn,

and we will show that (x + 1) − (x + 1)g ≥ 1. We have (x + 1)g ≤ xg or

(x + 1)g = xg + 1.

If (x + 1)g ≤ xg, then

1 ≤ x − xg < x + 1 − xg ≤ (x + 1) − (x + 1)g.

If (x + 1)g = xg + 1, then

(x + 1) − xg = (x + 1) − (x + 1)g + 1,

thus,

1 ≤ x − xg = (x + 1) − (x + 1)g.

□

For each g ∈ An, let αg ∈ Tn with

xαg = x − xg for all x ∈ Xn.

Lemma 4.2.2. Gn,1 = {αg : g ∈ An}.

Proof. Let g ∈ An, and we will show that αg ∈ Gn,1. Clearly, 1αg = 1−1g =
1 − 0 = 1 and |x − xαg| = xg ≥ 1 for all x ∈ {2, 3, . . . ,n}. Note that there

is l ∈ {3, . . . ,n} such that lg = 1. This provides lαg = l − lg = l − 1, thus

|l − lαg| = 1.

Next, we show that αg ∈ On,1, that is, αg is order-preserving. Let

x < y ∈ Xn. Then y = x + k for some k ∈ Xn. Firstly, we verify that

xαg ≤ (x+1)αg. We have xg ≥ (x+1)g or (x+1)g = xg+1. If xg ≥ (x+1)g,

Ranks and Presentations for Finite Transformation semigroups



4.2. PRESENTATION FOR On,1 70

then

xαg = x − xg ≤ x − (x + 1)g < (x + 1) − (x + 1)g = (x + 1)αg.

If (x + 1)g = xg + 1, then

xαg = x − xg = x − (x + 1)g + 1 = (x + 1) − (x + 1)g = (x + 1)αg.

By the same arguments, we obtain

xαg ≤ (x + 1)αg ≤ (x + 2)αg ≤ · · · ≤ (x + k)αg,

That is, xαg ≤ yαg. Therefore, αg ∈ Gn,1. Altogether, we have shown that

{αg : g ∈ An} ⊂ Gn,1.

For the converse inclusion, let β ∈ Gn,1, and we define gβ ∈ {0, 1, . . . ,n −
1}Xn by

xgβ = x − xβ for all x ∈ Xn.

We will show that gβ ∈ An. Clearly, 1gβ = 1 − 1β = 1 − 1 = 0 and

xgβ = x − xβ ≥ 1 for all x ∈ {2, . . . ,n} by Proposition 2.2.1. Further, there

is p ∈ {3, . . . ,n} such that 1 = p − pβ = pgβ.

Let x ∈ {1, . . . ,n − 1}with (x + 1)gβ > xgβ. This implies

(x + 1) − (x + 1)β > x − xβ,

and so

1 − (x + 1)β > −xβ,

that is, (x + 1)β − 1 < xβ. Since β is order-preserving, (x + 1)β − 1 < xβ
is only possible if (x + 1)β = xβ, i.e., (x + 1) − (x + 1)β = x − xβ + 1. This
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shows (x + 1)gβ = xgβ + 1. Consequently, gβ ∈ An.

Finally, since xαgβ = x − xgβ = x − (x − xβ) = xβ, for all x ∈ Xn, we can

conclude that β = αgβ ∈ {αg : g ∈ An}.

Consequently, we have shown the converse inclusion Gn,1 ⊂ {αg : g ∈ An},

which completes the proof. □

Together with Proposition 3.3.2, we obtain:

Corollary 4.2.3. {αg : g ∈ An} is a generating set of On,1. ■

For g, h ∈ An, let g⊕h ∈ {0, 1, 2, . . . ,n−1}Xn with 1(g⊕h) = 0, 2(g⊕h) = 1

and x(g ⊕ h) = (x − xg)h + xg − 1 for x ∈ {3, 4, . . . ,n}. Note that 2g = 1 for

all g ∈ An.

Lemma 4.2.4. Let g, h ∈ An. Then g ⊕ h ∈ An.

Proof. For x ∈ {3, 4, . . . ,n}, we have xg ≥ 1. If xg = 1, then x − xg ≥ 2;

thus, (x − xg)h ≥ 1. This provides (x − xg)h + xg − 1 ≥ 1. If xg > 1, then

xg − 1 ≥ 1; thus (x − xg)h + xg − 1 ≥ 1. We take x = 3. Then 3g ∈ {1, 2} by

Lemma 4.2.1. If 3g = 1, then 3(g⊕ h) = (3− 1)h+ 1− 1 = 2h = 1. If 3g = 2,

then 3(g ⊕ h) = (3 − 2)h + 2 − 1 = 1h + 2 − 1 = 1.

Let x ∈ {2, 3, 4, . . . ,n − 1} such that (x + 1)(g ⊕ h) > x(g ⊕ h). We show that

(x + 1)(g ⊕ h) = x(g ⊕ h) + 1.

If xg > (x + 1)g, then xg = r + (x + 1)g for some r ∈ {1, 2, . . . ,n}. Then

(x + 1)(g ⊕ h) = (x + 1 − (x + 1)g)h + (x + 1)g − 1

and

x(g ⊕ h) = (x − xg)h + xg − 1 = (x − (r + (x + 1)g))h + r + (x + 1)g − 1,
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that is

(x + 1 − (x + 1)g)h > (x − (r + (x + 1)g))h + r.

Thus,

(x + 1 − (x + 1)g)h ≥ (x − (r + (x + 1)g))h + r + 1.

On the other hand, we can calculate that

(x + 1 − (x + 1)g)h ≤ (x + 1 − (x + 1)g − (r + 1))h + (r + 1).

This implies

(x + 1 − (x + 1)g)h = (x − r − (x + 1)g)h + r + 1.

We get

(x + 1 − (x + 1)g)h + (x + 1)g − 1 = (x − r − (x + 1)g)h + r + (x + 1)g

= (x − r − (xg − r))h + r + xg − r

= (x − xg)h + xg − 1 + 1 = x(g ⊕ h) + 1.

This implies

(x + 1)(g ⊕ h) = x(g ⊕ h) + 1.

If xg = (x + 1)g, then

(x + 1)(g ⊕ h) = (x + 1 − xg)h + xg − 1 > (x − xg)h + xg − 1 = x(g ⊕ h).

This gives (x + 1 − xg)h > (x − xg)h, that is, (x + 1 − xg)h = (x − xg)h + 1.

This provides

(x + 1)(g ⊕ h) = x(g ⊕ h) + 1.
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If xg < (x + 1)g, that is (x + 1)g = xg + 1, then we can calculate

(x + 1)(g ⊕ h) = (x + 1 − (x + 1)g)h + (x + 1)g − 1

= (x + 1 − xg − 1)h + xg + 1 − 1

= ((x − xg)h + xg − 1) + 1

= x(g ⊕ h) + 1.

□

Let us put ω ∈ {0, 1, 2, . . . ,n − 1}Xn with 1ω = 0 and xω = 1 for x ∈
{2, 3, 4, . . . ,n}. Clearly, ω ∈ An. It is useful to determine the product of

any transformation in Gn,1 with

αw =

 1 2 3 . . . n
1 1 2 . . . n − 1

 .
Let us define a mapping f : Xn ∪ {0} → Xn by f (0) = 1 and f (x) = x for

x ∈ Xn. In this case, we write the argument to the right of the mapping

for convenience.

Lemma 4.2.5. Let g ∈ An. Then

αgαw =

 1 2 3 4 . . . n
1 1 f (2 − 3g) f (3 − 4g) . . . f ((n − 1) − ng)

 .
Proof. We have 1αgαw = 1αw = 1, 2αgαw = 1αw = 1, and

xαgαw =

x − xg − 1 if x − xg > 1;

1 if x − xg = 1.

That is, xαgαw = f (x − xg − 1), f or all x ∈ {3, 4, 5, · · · ,n} □
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For g ∈ An, let ĝ ∈ {0, 1, 2, . . . ,n − 1}Xn with 1ĝ = 0, 2ĝ = 1, and

xĝ = x − 1 − f ( f (x − 1 − xg) − 1) for x ∈ {3, 4, . . . ,n}.

Lemma 4.2.6. ĝ ∈ An for all g ∈ An.

Proof. Let g ∈ An. We have 1ĝ = 0 and 2ĝ = 1. If x ≥ 3, then we obtain

xĝ = x − 1 − f ( f (x − 1 − xg) − 1) = x − 1 − x + 1 + xg + 1 = xg + 1 ≥ 1,

whenever f (x − 1 − xg) ≥ 2, and

xĝ = x − 1 − 1 ≥ 3 − 2 = 1,

whenever f (x− 1− xg) = 1. Further, 3g ∈ {1, 2} implies f (2− 3g) = 1 and

3ĝ = 2 − f ( f (2 − 3g) − 1) = 2 − f (1 − 1) = 2 − 1 = 1,

that is, 2ĝ = 3ĝ.

Let x ∈ {3, . . . ,n − 1}with (x + 1)ĝ > xĝ. Since αĝαw =1 2 3 4 . . . n
1 1 f ( f (2 − 3g) − 1) f ( f (3 − 4g) − 1) . . . f ( f ((n − 1) − ng) − 1)


∈ On,1,

we obtain

f ( f (x − 1 − xg) − 1) ≤ f ( f (x − (x + 1)g) − 1),

or − f ( f (x − (x + 1)g) − 1) ≤ − f ( f (x − 1 − xg) − 1);

thus,

(x + 1)ĝ = x − f ( f (x − (x + 1)g) − 1) ≤ x − f ( f (x − 1 − xg) − 1)
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= x − 1 − f ( f (x − 1 − xg) − 1) + 1 = xĝ + 1.

On the other hand, xĝ < (x+ 1)ĝ implies xĝ+ 1 ≤ (x+ 1)ĝ. Therefore, we

have

xĝ + 1 = (x + 1)ĝ.

□

Now we define an alphabet set Yn = {xg : g ∈ An} and define two sets

of relations on Y+n . Let

R1 = {xgx2
ω ≈ xĝxω : g ∈ An} and

R2 = {xgxh ≈ xg⊕hxω : g, h ∈ An}.

It is easy to see that |R1| = |An| and |R2| = |An|
2. Since R1∩R2 = ∅, we have

|R1 ∪ R2| = |An| + |An|
2 = (1 + |An|) · |An| = (1 + |Gn,1|)|Gn,1|

= (1 + Cn−1 − Cn−2)(Cn−1 − Cn−2)

using Lemma 4.2.2 and Proposition 3.2.2.

We write ∼ for the congruence on Y+n generated by R1 ∪ R2. Note that

{αg : g ∈ An} is a generating set of On,1 (see Corollary 4.2.3).

We define an epimorphism φ : Yn → On,1 by

xgφ = αg for g ∈ An.

We aim to show that kerφ =∼, so that On,1 has presentation ⟨Yn|R1 ∪R2⟩

via φ.

Lemma 4.2.7. We have the inclusion ∼⊂ kerφ.

Proof. It is sufficient to show that the relations in R1∪R2 hold as equations
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in On,1 when the variables are replaced by their images under φ. Note

that

xωφ = αω =

1 2 3 4 . . . n
1 1 2 3 . . . n − 1

 .
Let g ∈ An, where ĝ ∈ An by Lemma 4.2.6. Then

αgαω =

1 2 3 . . . n
1 1 f (2 − 3g) . . . f ((n − 1) − ng)


by Lemma 4.2.5, and it is easy to verify that αgαω = αh with 1h = 0,

2h = 1, and xh = x − f (x − 1 − xg) for x ∈ {3, 4, . . . ,n}.
Now, we have (αgαω)αω = αhαω

=

1 2 3 . . . n
1 1 f (2 − 3 + f (2 − 3g)) . . . f (n − 1 − n + f ((n − 1) − ng))


=

1 2 3 4 . . . n

1 1 f ( f (2 − 3g) − 1) f ( f (3 − 4g) − 1) . . . f ( f ((n − 1) − ng) − 1)

 .
On the other hand, Lemma 4.2.5 gives αĝαω =1 2 3 . . . n

1 1 f (2 − 2 + f ( f (2 − 3g) − 1)) . . . f ((n − 1) − (n − 1) + f ( f ((n − 1) − ng) − 1))


=

1 2 3 4 . . . n

1 1 f ( f (2 − 3g) − 1) f ( f (3 − 4g) − 1) . . . f ( f ((n − 1) − ng) − 1)

 ,
using f ( f (x)) = f (x) for x ∈ Xn. Hence, αgαωαω = αĝαω and we obtain

(xgx2
ω)φ = xgφxωφxωφ = αgαωαω = αĝαω = xĝφxωφ = (xĝxω)φ.

Let g, h ∈ An, where g ⊕ h ∈ An by Lemma 4.2.4. Then we can easily
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calculate

αgαh =

1 2 3 . . . n
1 1 3 − 3g − (3 − 3g)h . . . n − ng − (n − ng)h

 .
For x ∈ {3, 4, 5, . . . ,n}, we have x−xg− (x−xg)h ≥ 1 since x−xg− (x−xg)h
is in the image of αgαh ∈ On,1; thus, f (x−xg−(x−xg)h) = x−xg−(x−xg)h.

Hence, (xg⊕hxω)φ = xg⊕hφxωφ = αg⊕hαω =1 2 3 . . . n
1 1 3 − 3g − (3 − 3g)h . . . n − ng − (n − ng)h


= αgαh = xgφxhφ = (xgxh)φ. □

Now, we need to show the converse inclusion kerφ ⊂∼

Lemma 4.2.8. Let v1, v2, . . . , vr ∈ {xg : g ∈ An} with r ≥ 2. Then there exists
h ∈ An such that

v1v2 . . . vr ∼ xhxω.

Proof. We prove by induction on r. If r = 2, then the statement is satisfied

by R2. Suppose that for v1, v2, . . . , vr ∈ {xg : g ∈ An}, for some integer

r ≥ 2, there exists h ∈ An such that

v1v2 . . . vr ∼ xhxω.

Let v1, v2, . . . , vr+1 ∈ {xg : g ∈ An}. Then v1(v2v3 . . . vrvr+1) ∼ v1(xhxω) for

some h ∈ An. Furthermore, (v1xh)xω ∼ (xĥxω)xω by R2, for some ĥ ∈ An.

By R1, there exists h̃ ∈ An such that

xĥxωxω ∼ xh̃xω,
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That is,

v1v2 . . . vrvr+1 ∼ xh̃xω.

□

We put now Ân = {g ∈ An : |x − xg| > 1 for all x ∈ {3, 4, 5, . . . ,n}}.

Lemma 4.2.9. For all h ∈ An, there exists g ∈ Ân such that xgxω ∼ xhxω.

Proof. Let h ∈ An. Suppose that i − ih = 1 for some i ∈ {3, 4, 5, . . . ,n}. Let

Q = {x ∈ {3, 4, 5, . . . ,n} : x − xh = 1} , ∅.

Then xh ≥ 2 for all x ∈ Q. We define g as;

xg =

xh if x < Q,

xh − 1 if x ∈ Q.

We need to show that g ∈ An.

We have 1g = 1h = 0 and for x ∈ {2, . . . ,n},

xg =

xh , 0 if x < Q,

xh − 1 ≥ 2 − 1 = 1 , 0 if x ∈ Q.

Also, by definition of h ∈ An, there exists l ∈ {3, 4, 5, . . . ,n} such that lh = 1,

i.e., |l− lh| , 1 and l < Q. Thus, lg = lh = 1. Now, let x ∈ {2, 3, 4, . . . ,n− 1}

such that (x + 1)g > xg. We consider the following cases:

Case a: xg = xh. Assume that (x + 1)g = (x + 1)h − 1. Then

(x + 1)h − 1 = (x + 1)g > xg = xh.

This gives (x + 1)h > (x + 1)h − 1 > xh, that is, (x + 1)h = xh + 1 (since
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h ∈ An). However, this leads to

(x + 1)h = (x + 1)h − 1 + 1 > xh + 1 = (x + 1)h, which is a contradiction.

Hence,

(x + 1)g = (x + 1)h.

Thus, (x + 1)h > xh, that is, (x + 1)h = xh + 1; therefore

(x + 1)g = (x + 1)h = xh + 1 = xg + 1.

Case b: (x + 1)g = (x + 1)h and xg = xh − 1, that is, (x + 1)h ≥ xh. This

implies that (x + 1)h = xh or (x + 1)h = xh + 1. If (x + 1)h = xh + 1, then

1 = x − xh = x + 1 − xh − 1 = x + 1 − (x + 1)h ≥ 2,

which is a contradiction. Thus, we have (x + 1)h = xh. This means that

(x + 1)g = (x + 1)h = xh, and hence (x + 1)g = xg + 1.

Case c: xg = xh− 1 and (x+ 1)g = (x+ 1)h− 1. Then (x+ 1)g > xg implies

(x + 1)h > xh, that is, (x + 1)h = xh + 1. Thus,

(x + 1)h − 1 = xh − 1 + 1,

and hence (x + 1)g = xg + 1.

Altogether, this shows that g ∈ An.

Let x ∈ {3, 4, 5, . . . ,n}. If x < Q, then x − xg = x − xh > 1. If x ∈ Q,

then x − xg = x − xh + 1 = 2 > 1. This means that x − xg > 1 for all

x ∈ {3, 4, 5, . . . ,n}. Therefore, g ∈ Ân.

Next, we show that xgxω ∼ xhxω. We have

xhxω ≈ xh⊕ωxω ∈ R2 and xgxω ≈ xg⊕ωxω ∈ R2.
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If x ∈ Q, then x − xh = 1 and x − xg = x − xh + 1 = 2. This gives

(x − xh)ω + xh − 1 = 0 + xh − 1 = xh − 1 = 1 + xg − 1 = (x − xg)ω + xg − 1.

If x < Q, then xh = xg and

(x − xh)ω + xh − 1 = (x − xg)ω + xg − 1.

This provides xh⊕ωxω = xg⊕ωxω. Therefore, we obtain xhxω ∼ xgxω by

transitivity. □

We define a function µ : Ân −→ On,1 by g 7→ αgαωfor all g ∈ Ân.

Lemma 4.2.10. µ is an injection from Ân into On,1 \ Gn,1.

Proof. We show that µ is a function from Ân to On,1 \ Gn,1. For this, we

take g ∈ Ân such that

gµ = αgαω ∈ On,1.

This shows that αgαω < Gn,1 by Lemma 3.3.1.

Next, we show that µ is injective. For this, let g1, g2 ∈ Ân such that

g1µ = g2µ. By Lemma 4.2.5, we have: g1µ = αg1αω =1 2 3 4 · · · n
1 1 f (3 − 3g1 − 1) f (4 − 4g1 − 1) · · · f (n − ng1 − 1)


and g2µ = αg2αω =1 2 3 4 · · · n

1 1 f (3 − 3g2 − 1) f (4 − 4g2 − 1) · · · f (n − ng2 − 1)

 .
For x ∈ {3, 4, 5, . . . ,n}, we have x − xg1 > 1 and x − xg2 > 1. This means

x − xg1 − 1 = f (x − xg1 − 1) = f (x − xg2 − 1) = x − xg2 − 1.
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Hence, xg1 = xg2. Altogether, we have xg1 = xg2 for all x ∈ Xn, which

means g1 = g2. □

Theorem 4.2.11. The semigroup On,1 has the presentation ⟨Yn | R1 ∪ R2⟩ via
φ.

Proof. By Lemma 4.2.7, we have ∼⊂ ker(φ).

It remains to show that ker(φ) ⊂∼. For this, let (w1,w2) ∈ ker(φ).

By Lemmas 4.2.8 and 4.2.9, there exist g1, g2 ∈ Ân such that ω1 ∼ xg1xω
and ω2 ∼ xg2xω. Since ∼⊂ ker(φ), we can calculate:

(xg1xω)φ = w1φ = w2φ = (xg2xω)φ.

In particular, g1µ = αg1αω = xg1xωφ and g2µ = αg2αω = xg2xωφ. This

provides g1µ = g2µ.

Since µ is injective by Lemma 4.2.10, we obtain g1 = g2. This gives:

w1 ∼ xg1xω = xg2xω ∼ w2,

That is, w1 ∼ w2.

Consequently, ker(φ) ⊂∼, as required. □

We want to illustrate Theorem 4.2.11 for n = 4. It is easy to verify that

O4,1 consists of the five transformations:

a =

1 2 3 4

1 1 1 3

 , b =

1 2 3 4

1 1 2 2

 , c =

1 2 3 4

1 1 2 3

 ,
d =

1 2 3 4

1 1 1 2

 , e =

1 2 3 4

1 1 1 1

 .
Let g1, g2 ∈ {0, 1, 2, 3}X4 with 1g1 = 1g2 = 0, 2g1 = 2g2 = 3g2 = 4g1 = 1,

Ranks and Presentations for Finite Transformation semigroups



4.2. PRESENTATION FOR On,1 82

and 3g1 = 4g2 = 2. It is easy to see that A4 = {g1, g2, ω}, i.e., Y4 =

{xg1, xg2, ω}.

For convenience, we use a, b, and c for xg1, xg2, and ω, respectively.

The relations in R1 provide:

ac2
≈ bc, bc2

≈ bc, cc2
≈ bc.

The relations in R2 provide:

aa ≈ bc, ba ≈ bc, ca ≈ bc,

ab ≈ ac, bb ≈ bc, cb ≈ ac,

ac ≈ ac, bc ≈ bc, cc ≈ ac.

Thus, we obtain the following presentation for O4,1:

⟨{a, b, c} | {ac2
≈ bc, bc2

≈ bc, cc2
≈ bc, aa ≈ bc, ba ≈ bc, ca ≈ bc,

ab ≈ ac, bb ≈ bc, cb ≈ ac, ac ≈ ac, bc ≈ bc, cc ≈ ac.}⟩.
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List of Notations

α, β, γ Transformations.

xα Value of α at x.

xα = ∅ α is not defined at x.

α : M→M α is a transformation on M.

dom(α) Domain of transformation α.

dom(α) Codomain of α.

im(α) Image of α.

rank(α) The cardinality of im(α).

de f (α) The defect of α.

N,Nn,Xn The set {1, 2, . . . ,n}.
a · b The product of a and b.

ab The product of a and b.

T < S T is a subsemigroup of S.

PT n The set of all partial transformations of N.

Tn The set of all total transformations of N.

ε The identity transformation.

εn The identity transformation of N.
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N The set of all natural numbers.

|S| The cardinality of S.

ISn The symmetric inverse semigroup on N.

f : X→ Y A mapping from X to Y.

0 The nowhere defined partial transformation.

0n The nowhere defined partial transformation of N.

0a The constant transformation with image {a}.

S0 S if 0 ∈ S, and S ∪ {0} otherwise.

S1 S if 1 ∈ S, and S ∪ {1} otherwise.

S∗ The group of units of the semigroup S.

Va(S) The set of elements, inverse to a ∈ S.

a−1 The inverse of a.

S � T S is isomorphic to T.

AB The product of the sets A and B.

ρ ◦ σ Product of binary relations ρ and σ.

ρ♯ The congruence generated by the binary relation ρ.

aρb The pair (a, b) belongs to the binary relation ρ.

a ≡ b a is equivalent to b.

a ≡ b(ρ) a is equivalent to b with respect to the equivalence relation
ρ.

S/ρ The quotient of the semigroup S modulo the congruence ρ.

L Green’s relation L.

L(a) The L-class of a.

R Green’s relation R.

R(a) The R-class of a.

H Green’s relationH .

H(a) TheH-class of a.

D Green’s relationD.
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D(a) TheD-class of a.

J Green’s relation J .

J(a) The J-class of a.

kerφ The kernel of a map φ.

Dn The set of all order-decreasing transformations on N.

On The set of all order-preserving transformations on N.

Cn The set of all order-decreasing and preserving transformations
on N.

Cn The nth
− catalan number.

Fix(α) The set of all the elements fixed by α.

On,A The set of all order-preserving transformations on N fixing
exactly the elements of A ⊂ N.

On,p The set of all order-preserving transformations on N fixing
only p ∈ N.

cx The constant transformation with image {x}.

R The set of all real numbers.

⌊r⌋ The greatest integer less or equal to r ∈ R.

nd(a) The nilpotency degree or nilpotency class of the element a.

N(S) The set of nilpotent elements of S.

⟨A⟩ The set of all elements of S generated by A ⊂ S.

rank(S) Rank of the semigroup S.

Gn,p The set of all α ∈ On,p such that |xα − x| = 1 for atleast one
x ∈ Xn \ {p − 1, p + 1}.

A+ The set of all finite words over alphabet A.

āρ The equivalence class of a with respect to the equivalence
relation ρ.

ā The equivalence class of a.

ρ(S,A) Kernel of the natural epimorphism A+ → S.

ρΣ The minimal congruence containing all relations from Σ.
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⟨A|Σ⟩ Semigroup generated by A with defining relations Σ.
⟨A|ρ⟩ A Presentation of a semigroup S in terms of generating set A

and relation ρ via the map φ : A+ → S with ρ♯ = kerφ.
g ∈ XY A mapping from Y to X.
An The set of all mappings g ∈ {0, 1, 2, . . . ,n − 1}Xn.
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